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Abstract

The control of quantum dynamics in which feedback is accomplished via coherent,
all-optical signal processing suggests the possibility of mature, engineered quantum
systems that are technologically homogeneous and in which both plant and con-
troller are quantum systems. In this thesis, I give a focused case study of several
systems in which feedback control of the system dynamics is accomplished entirely
through field-mediated, coherent signal processing. After introducing some recently
developed theoretical tools for modeling individual and networks of open quantum
systems, I analyze a proposal for generating polarization-squeezed light by double-
passing a coherent drive twice through an atomic ensemble. This setup represents
a simple, deterministic feedback system and I illustrate it here primarily to give a
detailed, side-by-side comparison of two different quantum optical input/output for-
malisms. Building on the intuition gained from analyzing this system, I then present
an extensive analysis of autonomous quantum memories for quantum error correction.
After a review of recent proposals for continuous-time relaxations of the 3-qubit bit-
flip/phase-flip and 9-qubit Bacon-Shor codes, I describe an automated workflow for
synthesis and analysis of quantum networks in the Gough-James formalism for cas-
caded quantum networks. Using this workflow, I construct the Gough-James network
model, and quantitatively analyze the effects of propagation losses on the 3-qubit
and 9-qubit codes. In order to extend this analysis to arbitrary stabilizer codes, I
then present a class of phenomenological master equations for autonomous quantum
memories, and demonstrate several critical cases in which the structure of the error
correcting code is manifest in the physical dynamics of the corresponding photonic

implementation. In particular, I show that separability of the stabilizer generators,

v



that is, independent detectability of Pauli-X and Pauli-Z errors can simplify feedback
mechanisms for protection from Pauli-Y errors. Then I show how the presence of the
gauge qubits in subsystem codes can allow for optimally routing probe beams so that
loss induced errors lie entirely on the gauge space, thus increasing the storage fidelity
of the encoded state. Finally, I examine the fine grained behavior of these devices
and propose a modified fidelity metric for quantifying the performance of realistic

quantum memories.
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Chapter 1
Introduction

Strictly speaking, this thesis is about engineering— hence the title. Several decades
of research in quantum optics, atomic physics, and related fields has given us an in-
credible degree of control over atomic dynamics (in both real and artificial atoms)
that allows us to envision a future of truly quantum engineered systems, achieving

the degree of maturity that we have today with classical electrical engineering systems.

It is common when people hear about quantum engineering to immediately associate
the idea with building a quantum computer. But our perspective in the feedback
control community is that a quantum computer is just one of many devices that one
may want to engineer with a more sophisticated understanding of how to control
quantum dynamics, and consequently, the viewpoint that we advocate places a sub-
stantial emphasis on extending basic ideas from classical feedback control theory to
the quantum domain. Of course, building a quantum computer would be a heroic and
worthwhile achievement, and furthermore, we can expect that a mature discipline of
quantum engineering would bring about advances in ultra low-power (e.g. attojoule
scale) signal processing, interconnects, and sensor networks. And given the broadly
applicable nature of some of these technologies, it would be reasonable to suppose

that environmental and medical applications may also be on the horizon.

In quantum feedback control, there are what amount to two distinct types of control
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Coherent-feedback control Measurement-feedback control
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Figure 1.1: Comparison of a coherent feedback setup with its measurement-based
counterpart. Although the plant is assumed to be a quantum system in both cases,
in the coherent feedback setup, the controller is assumed to be a quantum mechanical
system as well, whereas in the measurement-based feedback setup, the controller is a
classical device. (Image courtesy of Hideo Mabuchi)

systems that merit investigation: measurement-based and coherent feedback control
(see Figure 1). As the name implies, measurement-based feedback control consists of
a hybrid quantum-classical setup in which active measurement and signal processing
is part of the feedback control loop. I call this setup a “hybrid setup” because in
measurement-based feedback control, a large part of the system is strictly classical.
That is, we presume what amounts to macroscopic or at least mesoscopic apparatus
playing the role of an actual computer that is responsible for processing measurement

records and then deciding what to do with it.

On the other hand, coherent feedback control refers to those systems in which both

plant and controller and fully quantum mechanical systems. There are two primary
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reasons to consider coherent quantum feedback over its measurement-based counter-
parts. The first is technological homogeneity. While there may be some cases where
the odd marriage between a hot classical computer and a cold, quantum register is ap-
propriate, in envisioning a future of mature quantum engineered systems, one would
naturally suppose that the control systems involved would remain at the nanoscale

where the information is being processed.

On the other hand, there may be inherent performance advantages to keeping informa-
tion at the quantum level- see for example recent work on the advantages of coherent
feedback for cooling nano-mechanical oscillators [29]. Indeed, one way of motivating
the research agenda of coherent feedback control is to think of it as an engineering
analogue to quantum information theory. Historically, the result that launched the
field of quantum information and quantum computation was Peter Shor’s factoring
algorithm, which demonstrated an exponential speedup over the best known classical
algorithms for prime factorization [62, 50]. With the intuition then that quantum
mechanics can, in the abstract, give rise to performance advantages for certain types
of problems, it seems reasonable to ask a related question motivated not from the
algorithmic perspective, but rather from the engineering perspective. That is, we can
ask if instead of starting with a quantum algorithm and trying to work backwards to
engineer a system tailored to that particular algorithm’s performance requirements,
whether we can develop an understanding of quantum mechanical performance advan-
tages from an engineering perspective by starting with the basic principles of feedback

control and working from the bottom up.

In this thesis, I will concentrate on the former set of motivations for why one might
consider purely quantum feedback without the need for classical measurement and
signal processing apparatus, although, in the context of quantum memories, I will
mention how we might think about taking advantage of coherent feedback to achieve

performance objectives that may not be possible in the classical case.
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With these motivations in mind, I want to briefly discuss the methodology and fun-
damental analytical tools which are the building blocks of the theoretical work that
I present in this thesis. It took a few years for me to understand that in theoret-
ical physics, there is often a rich interplay between researchers who are firmly on
the physics side and those firmly on the mathematics side. When fundamentally new
mathematical techniques are developed, it can take a few years for these new methods
to be integrated into the day to day workflow of the practicing physicist, at which
point this work often ceases to have its original mathematical character. The reason
I mention all of this, is that on the one hand, the work I describe in this thesis would
simply not have been possible without recent developments that qualify as first rate
mathematics. On the other hand, what I present here is not in any way, shape, or

form, research mathematics.

Therefore, while much of the background material on quantum stochastic calculus can
be described in a much more earthy, theoretical physics kind of language— this was
developed by among others Gardiner, Zoller, Collet, and Parkins— there are several
techniques, notably the adiabatic elimination theory that plays a prominent role in the
analysis of quantum error correcting circuits I describe in Chapter 4, that represent
genuinely new mathematics that required much of the machinery that was laid down
in previous years by researchers in the mathematical physics community. Then again,
having applied those techniques, we can often fall back on our physicist’s intuition
and for example, the work I describe in Section 4.4 starts from a phenomenological
master equation for stabilizer codes, without at any point invoking QSDE’s or the

adiabatic elimination result.

So while this is certainly not a mathematics thesis, it owes a serious debt to mathematics—
the references I've included in the introduction should be sufficient for the interested
reader to make his or her way to the more mathematical literature that underlies this
work. There is no doubt more serious mathematics to be done for coherent feedback
control to truly blossom, and when the time is right, I hope the right people will jump

in. Perhaps some of the old masters will come back and take another look.
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Here then is an outline of what follows. In the first chapter, I give an exposition of
quantum optical modeling with quantum stochastic differential equations. In Chap-
ter 2, using two different formalisms— the Gardiner-Collett input/output formalism
and also the QSDE-based methods described in the introduction— I analyze a sim-
ple, deterministic coherent feedback system for generating polarization-squeezed light.
Finally, building on the intuition gained in the preceding chapters, I describe recent
work on designing autonomous quantum memories, and give a detailed analysis of
robustness issues for stabilizer quantum error correction. Along the way, I describe
an engineering-oriented methodology for automating QSDE-based calculations in a
workflow that suggests a photonics analogue of classical electrical circuit theory. Fi-
nally, I examine a class of phenomenological master equations for continuous-time
relaxations of stabilizer quantum error correction, and analyze some general features
of stabilizer codes which suggest practical implications for the required control mech-

anisms and circuit layout for autonomous quantum memories.

As one final point about the exposition, I should state that this thesis should be
thought of as an edited volume of original results presented in the references [8, 58,
65, 56, 57]. Additional material both from classic textbooks and more recent research
literature is included to form a coherent and self-contained exposition and is not

intended to represent original work.



Chapter 2

Quantum optics and quantum

stochastic calculus

For the most part, the formalism that underlies the work I present in this thesis can be
thought of as arising from the heuristic methods of quantum stochastic calculus that
were developed over the course of several decades in the quantum optics community,
combined with the series and concatenation products of Gough and James, and the
adiabatic elimination theory of Bouten, van Handel, and Silberfarb— the latter of
which came about through substantially more rigorous methods in functional analysis
and probability theory. However, given that those methods are not necessary to
understand the material I present here, I will give a physics-centered introduction to
the quantum stochastic calculus, following quite strictly, the exposition of Gardiner,
Parkins, and Zoller in [20] and Gardiner and Zoller in [21]. I will then discuss the
series and concatenation products for QSDE’s and present the basic mechanics of

applying the adiabatic elimination techniques in practical computations.

2.1 Quantizing the electromagnetic field

It is remarkable that the formalism we will use to model the coherent quantum net-
works in the latter sections of this thesis can be derived from first principles starting

from Maxwell’s equations. Our ultimate goal in this section, which is an intermediate



CHAPTER 2. QUANTUM STOCHASTIC CALCULUS 7

one, is to find an expression for the independent variables of the field. We will then
construct new quantities which are linear combinations of these independent variables
(the normal modes), which we will then replace with quantum mechanical operators
to arrive at a quantized magnetic vector potential. This will be the starting point in
the next section, in which I give a physically motivated derivation of the quantum

stochastic calculus.

It is quite common in textbooks on quantum optics or quantum field theory to intro-
duce second quantization of the electromagnetic field by assuming periodic boundary
conditions, so that the field/vector potential can be expanded into a discrete set of
normal modes. This is a convenient pedagogical tool, and it is of course mentioned
as an afterthought, that one can recover a dense set of normal modes by taking the
L — oo limit. Of course, in the quantum optical case, where we ultimately will want
to model the electromagnetic field as a reservoir, we will need a dense set of modes,
so the approach I've chosen here follows that of Cohen-Tannoudji [12] where we do
not at any point assume periodic boundary conditions in order to quantize the vector
potential in the Coulomb gauge. From this point, we can employ the opposite proce-
dure, and impose periodic boundary conditions to recover the more familiar discrete

normal mode expansion.

We begin with Maxwell’s equations in their familiar form:

V- E(I‘, t) = lp(ra t)
€o
V-B(r,t) = 0
0
V x E(r,t) = &B(r,t)
1 1.
V X B(r, t) = gE(I‘, t) =+ @J(I‘, t)

where p(r,t) and j(r,t¢) are charge and current densities. We will ultimately take
these to be 0 (as we are interested in a free field), but will keep them for now for

generality. Taking a spatial Fourier transform, we can write these equations in the
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following form:

k- t) = (k1)

€0
k- Bk t) = =
ik x &k,t) = %%(k,t}
1 1
ik x Bk,t) = gg(k,t)Jr%?/(k,t)

From the above equations, we can see that the longitudinal components of the electric
and magnetic field are not independent variables. That is, note that
1k
&k,t) = ———=plk,t 2.1
k) = —— (k) 21)
#(k.t) = 0 (2.2)

However, the transverse components are independent variables, with the following

equations of motion:

%:@L(k,t) = —ikXéi_(k,t)

géaj_(k, t) = CZik X %L(k, t) — l/l(k, t)
ot €0

We now introduce the vector and scalar potentials A and U and write the electric

and magnetic field in the following familiar form (in real space):

&k, t) = —ik%(k,z)—w

Bk,t) = ik x (k1) (2.4)
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From elementary electrodynamics, we recall that the E and B fields are invariant

under a gauge transformation where the vector and scalar potential are modified as:

A(r,t) — A(r,t) + VG(r,t)
0G(r,t)

Ulrt) — U t)— ==

Again, in reciprocal space, we can express the gauge transformation as:

d(kt) — ok t)+ikG(k,¢t)
9G(k, t)

Uk,t) — U(k,t)—T

Thus we see that while the longitudinal component of the vector potential .27 and
the scalar potential %7 are modified under a gauge transformation, the transverse

component of the vector potential is invariant, i.e. <] (k,t) = &7 (k,1).

We also see from above (Equations 2.3 and 2.4), that the transverse field & = &, and
B = A, only depend on 7, :

0
&k, t) = —a,;zﬁ(k, t)

Bk,1) = ikx o (k1)

So far, we haven’t taken advantage of the gauge freedom afforded to us by the function
G(r,t) above. We now choose the Coulomb gauge, which corresponds to the condi-
tion V- A = 0, or equivalently V2G = —V - A. This implies that the longitudinal
component of the vector potential is identically 0 (both in real space and reciprocal

space, of course), that is, A(r,t) = o/ (k,t) = 0.

We can then find an expression for the scalar potential in terms of the charge density
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p (see Equations 2.1 and 2.3):

1
o 1 3 /p(r,>t>
U(r,t) = 4eo/dr\r—r’\

Thus we see that in the Coulomb gauge, the independent variables of the field are
) (k,t) and o7, (k,t) = & (k,t), the transverse vector potential and its first deriva-
tive (the transverse electric field). We will now introduce, as fundamental quantities,

convenient linear combinations of these independent fields:

alk, ) = —i\/% [—y'ﬁ(k,t) +iwe, (K, t)}

. €0 k
= —i/— |8k, t) —c— x B(k,t
1 2w [ L( ) ) Ck‘ ( ) ):|
Note that we can now express the transverse vector potential .¢f| in terms of the

quantity a(k,t) and its Hermitian conjugate:

ak,t) +al(k,t)
W/ 35
2h

= /= (k) +al (k1))

e,QfL(k, t) =

Finally, taking the Fourier transform, and using the relationship of(k,t) = a(—k,t)
we can express the transverse vector potential in real space, expanded into a contin-
uous spectrum of normal modes which can be replaced by their quantum mechanical

operator counterparts:

| 2h ‘ .
AJ_(I‘, t) = /dgk Z a [6a6<k)€l(k'r+‘*’t) + Eal(k)efz(k-rfwt)}
€ 0
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2.2 Quantum noise processes

To derive the quantum noise processes, we begin with the usual system-bath Hamil-
tonian representation of an open quantum system:
H = Hgy+ Hy+ Hipy (2.5)

We leave H,,s unspecified and can write the bath Hamiltonian as:

H, — % /0 " {A(m, 1)2 + [0, A(x, t)]2]} (2.6)

and the interaction Hamiltonian as:
Hiy = / dek(z){ct AP (2, 1) + cAD (z, 1)} (2.7)
0

The motivation to choose a linear coupling is that it is the simplest possible interaction
between the system and the bath— there is no additional fundamental principle at work
here. A(z,t) is a one-dimensional form of the vector potential derived in the previous

section, with expansion

Az, t) = AP (z,t) + A (2, 1) (2.8)

with

> | R wz .
AW = — Tt 2.
(z,1) /0 dw Y cos( . Yb(w)e ™, (2.9)

where the operators b and bf satisfy the canonical commutation relations:

[b(w), bT (W] = d(w — W) (2.10)

Note that we have made several approximations in this description— the rotating
wave approximation to eliminate the non-energy conserving terms c¢fA) and cA™)
and also we have assumed that there is no system recoil from its interaction with

the bath. Typically, where the system is considered to be an atom, this amounts to
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neglecting the center of mass motion. The physical assumption behind the rotating
wave approximation is that the coupling terms that we have neglected oscillate at
much higher frequencies than the slower dynamics that we are interested in. This
is a reasonable approximation in quantum optics, where the coupling rates operate
on the GHz-MHz frequency scales and the system/bath operators oscillate at optical
frequencies (100’s of THz) [20, 21, 12].

If we perform the z integration, and let

R(w) = —\/g/om dzk(z) cos(%), (2.11)

we arrive at familiar looking interaction and bath Hamiltonians. In fact, this is often

the starting point in deriving the quantum stochastic calculus (see, for example, [21]):

Hiy = ih/ooo dwi(w){c'b(w) — b’ (w)} (2.12)

H, = /mdwﬁwa(w)b(w) (2.13)

0

Now, let us consider the equation of motion for this system in the Schrodinger picture:

d%’tt)s - {ﬁ[H + Hp + / " dwi(w)[eh (w) — c*b<w>1} [:2)s (2.14)

Moving to an interaction picture with respect to the system and bath Hamiltonians,

we obtain:

|1, t) = exp {%[Hsys + Hgpl(t — to):| [, t)s (2.15)

Then, for operators X such that [Hyy,, XE| = +hw,, XE, we incorporate time de-

pendence as follows:

Xoa(t) = explFiwn(t — to)| X,
c(t) = exp[—iQ(t —to)|c
bw,t)r = exp[—iw(t — to)]b(w)
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In this new picture, the system and bath Hamiltonian are eliminated from the Schrodinger
equation and we are simply left with the second of the above terms— of course, the
operators now being time-dependent:

d|1§£ t) — /OOO dwi(w)[c(t)b(w, )t — e(t)Tb(w, t) ]|, t) (2.16)

Substituting the time dependent operators b(w,t) and ¢(t) into our Schrédinger pic-

ture representation, we have the following:

1oty = AL (1) — (o)) 1), (2.17)

where, recalling the previous equations, we have that the operator b(t) can be ex-

pressed as

b(t) = % /0OQ Fo(w)b(w)e W= Dt=to) g, (2.18)

2.2.1 Markov approximation

Note that while we have assumed that our raising and lowering operators are delta
correlated in the frequency domain, a priori, we cannot assume the same in the time
domain [63]. Our goal now is to show that we can arrive at delta correlated operators if
we make several assumptions, usually lumped together under the heading of a Markov
approzimation. Let us now compute the commutator of b(t) at different times. From

our previous expression, we can write this formally as:

B0 = [ e (2.19)

We now proceed in the following manner: first we assume that the interaction picture
equation of motion is a slowly varying function of time. In other words, we assume
that there is a characteristic time scale 7p, denoting a damping time, such that 7p >
t (in particular 7p > %) We also make a long wavelength approximation [20, 12],
that is, we assume that the system (presumably an atom) is much smaller than the

distance light can travel in one unit 7p. This places a constraint on the function
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|%(w)|?, implying in particular, that x(x) is sharply peaked in a range x/c ~ 7p. This
being the case we can approximate |&(w)|? by |&(Q2)|? = v/27. We also extend the

lower integral to —oo, and evaluate the commutator as:

[b(t), b(t)] ~ /00 dwe™ ) =) e ()2 )y & 6(t — 1) (2.20)

—00
The operators b(t) are traditionally thought of as quantum noise processes, with the
variable t representing the time at which an infinitesimal segment of the field interacts
with the system, rather than the free parameter of a time-dependent operator. We
can think of these operators as “inputs” to the quantum system— with an input /
output theory in mind, let us denote our operators b(t) = b;,(t). Now, for a time

t > ty, let us take

1 e ,
boa(8) = = / doe—i ==y 1) (2.21)

which is defined analogously to b, (t), but at a future time ¢;. In the Heisenberg
picture, it can be shown [21] that for all ¢, by, (t) is given by

bout (£) = bin(t) + /27w (Q)c(t) (2.22)

Thus we see that the output field b, (t) consists of two terms— the input field, plus
a contribution arising from the quantum noise process interacting at time ¢ with the

system.

2.2.2 Quantum stochastic calculus

Suppose we assume that the field is initially in a vacuum state. Then we have that
b(t')|0) = 0 and furthermore that:

(Olp(t)0" (£)]0) = (0[b(t)b"(£) — bY(£)b(¢")]0) = (O[b(t"), b (1)]]0) = &(t —¢')  (2.23)

As this is a singular quantity and not a proper function, we have to resort to the tech-

niques from classical stochastic calculus (see for example, [52]) in order to properly
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handle integration of the white noise processes b(t). Like classical white noise £(t),

our field operators are delta correlated.

So in analogy to the case of integration with respect to classical white noise, we can

think of our field operators as a derivative of the integral expressions:

t t
Bt — Bto = / dt/b(t/) = / dBt (224)

to to

t t
/ dt'vt (') = / dB] (2.25)
to to

The operators B; and B(t) are traditionally called the annihilation and creation

BJ - Bgo

processes, respectively. Later in this chapter, when we examine how to extend the
single-mode treatment developed here to the case of multiple modes, we will introduce

the gauge process [5, 9]:

J\ VP / t dt'v (t)b(t) = / t dAy (2.26)

to to

With these definitions in mind, we can return to our vacuum expectations, which now

become:

(B(t) = Blt)) = 0
(B(t) - B(to)?) = (B'(t) - B'(to))) = 0
((B(t1) — Bto))(B!(t) = B'(t0))) = min(|ts — to]. |t — to])

Furthermore, we can return to our Schrédinger picture representation (2.19) from

above, which we now properly denote by the following integral equation:

0, 1) — b, o) = / (LdB}, — LB, 7) (2.27)

to

Note the connection of the coupling terms L and L' to the terms in Equation 2.17.

This integral equation is what is known as a quantum stochastic differential equation,
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and it is usually denoted by the following short hand:
d|¢t> = (LdBJ - LTdBt)W’Q (2'28>

Again, as in the classical case [52]|, we can now formulate two different notions of
integration. In the Ito integral, we assume that the Riemann sum is taken with

respect to the end point of the integrand, i.e.,

/ F)ABE) = lim Zf (tier) — B(t) (2.29)

Alternatively, in what is known as Stratanovich integration, we can evaluate the

Riemann sum with respect to the mid-point of the integrand, i.e.

| f)an) = Z DI gy ) - Ba) (@30

Here the integrand f(t) is assumed to be a a non-anticipating function, that is, one

that is independent of the driving noise process B(s) for s > t.!

Of course in ordinary calculus, the choice of Riemann sum is irrelevant as they both
give rise to the same limit. However, this is not the case when integrating with re-
spect to white noise. In particular, whereas in the It6 form, the integrand f(¢;) and
[B(t;+1)—B(t;)] are independent of each other, in the Stratonovich from, f(¢;11)+f(¢;)
and [B(t;11) — B(t;)] are not.

This difference is critical and is manifest in the corresponding algebraic rules for
computing products of stochastic integrals. For example, notice that the Stratonovich

integral follows the rules of conventional calculus. That is, the Leibniz rule (product

In the mathematics literature, the requirement that f(¢) be non-anticipating is stated as the
requirement that f(t) be adapted, that is, it is measurable with respect to the filtration generated
by the the random variables B(s) for S <t. See for example [69, 7]
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rule) is as we would expect:
d[B(t)B'(t)]s = dB(t)B'(t) + B(t)dB'(t) (2.31)

However, as the integrand f(i + 1) does not commute with the increment B(i + 1) —

B(i), we find that the following quantities are not equivalent:

/ F()dB() £ / B () (2.82)

On the other hand, while the Ito integral has the property that the increments are
independent of and commute with the integrand, now the product rule must be

appropriately modified. That is,

d[B(t)B'(t)]s = dB(t)B'(t) + B(t)dB' + dB(t)dB'(t) (2.33)
= dB(t)B'(t) + B(t)dB' + dt (2.34)

So, for example, using the quantities we computed above, we arrive at the following

quantities with integrals performed with respect to the It6 and Stratonovich forms of

({f mowc) )
([ mom) -t

Note also that the mean value of an It6 integral is always zero. When we know the

integration:

stochastic differential equation that a given integral equation satisfies, we can convert
between the It6 and Stratonovich forms. Without the SDE, such a conversion would
not be possible, as the Stratonovich integral depends on the value of the process at a
future time, and this value can only be determined by the corresponding dynamical
equation of motion. All of the QSDE’s in this thesis will be of the It6 form, although,
see, e.g. [44], for an example in quantum optics where conversion to the Stratonovich

form is of some practical utility.
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AM}\dM? | dAT dNF dAl

dAV 0 0 0
dAIm | 5 dAY S, A0
dA! Sydt Sy dAF 0

Table 2.1: Quantum Ito table for evaluating products of fundamental noise processes

Thus far, we have not incorporated internal Hamiltonian evolution of our system.
This is easily accomplished by treating the Hamiltonian dynamics as a perturbation
on top of the fast evolution at optical frequencies, and results in an 1to QSDE of the

following form:
1
dU, = (LdA;f — L'dA, — (iH + 5LTL)dt) U, (2.35)

Typically, it is a QSDE of this form, describing the total system and bath dynamics,

that is the starting point for analysis of open quantum system models.

2.2.3 Physical assumptions

The formalism for quantum stochastic calculus that we have derived can be applied
to any Gaussian field-state that is initially unentangled with the system [20, 30, 53].
However, it is almost always the case (as it will be in this thesis) that we assume that
the field is in a vacuum state, so that the global density matrix factors as p = ps® puac-
Under this assumption, we can express the products of the fundamental noises in a
simple table form (Table 2.1).

Of course, for the systems we are interested in, the bath is generally not in a vacuum
state, but rather, is a coherent laser field driving the system. Recall, however, that a

coherent state with amplitude o can be thought of as a displaced vacuum state, i.e.

o) = e(@' =" |0y = D(a)[0) (2.36)
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In the language of the fundamental noise processes we have just derived, we can

rewrite this expression, and take into account time dependence, as follows:

t t
|a@w._expgy/ﬁdAL-aT/"dA¢Ho>ztv3m> (2.37)
0 0

Here we have introduced a new operator, the Weyl operator W;* which is formally
analogous to the traditional displacement operator D(«) and which has the following

differential form: .
AW = (adAI —aldA, — 5|04|2d15) we (2.38)

Thus, as will become apparent in the subsequent sections, to model an open quantum
system being driven by a coherent laser field, we treat the system as though it is
coupled to a bath in the vacuum state and model the driving laser as an independent

system whose output we feed into our initial system.

2.3 SLH Representation of QSDE’s

While the physical derivation of quantum stochastic differential equations and the
associated stochastic calculus assumed only a single mode, we can easily extend the
formalism to account for multiple input and output fields. We can generalize the

propagator for a system with multiple fields in the following way:

: : 1
k .
U, =Y {(Sjk — 8;)dAJF + L;dB]" — L1S;dBf — (iH + 5L}Lj)dt} U, (2.39)
j.k
Note that due to the presence of multiple fields, the gauge process now takes on a
more general form, which allows for direct scattering between different field modes.
In particular, if we let a;(t) and a;(t) denote quantum noise processes, then we can

define the corresponding scattering process as:

AV = / LA = / " dtal (a1 (2.40)

0 0
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In other words, while the gauge process in the single mode case corresponds to photon
counting, with multiple fields present, it also allows for direct scattering between the
different channels. Consequently, the generalized propagator above now includes the

scattering matriz S, which is unitary, and may contain operators as elements.

We can also re-write the generalized propagator in the following way:
1
dU; = {tr[(S —I)dA] + dA'L — L'SdA — QLTLdt — z’Hdt} U, (2.41)

This form of the propagator makes explicit that the QSDE is completely specified
once we know the scattering matrix S, the coupling vector L and the Hamiltonian
H. Consequently, it is convenient to represent an open quantum system, as described
by the generalized propagator above, via its SLH representation, usually given as a
triple (S, L, H).

So, for example, the SLH representation of a beam-splitter, is given by:

a —ff 0
s ([ 1. 1]) "

Or, for a two-level atom in free space, we have:
TLAsiy = (1,\/27.0,w.0'0) (2.43)

And as I discussed earlier, a coherent drive, can be thought of as corresponding to
the Weyl operator QSDE, which has the following simple SLH form:

W = (1,a,0) (2.44)

We will explore a full range of open system models in SLH form in Ch. 4, when we take

a detailed look at coherent feedback networks for autonomous quantum memories.
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2.4 Series and concatenation products for SLH mod-

els

The SLH representation of a quantum stochastic model is extremely compact— and
hopefully less intimidating than the full propagator. But we’ve just scratched the
surface of what can be done with this powerful representation. As we set out to do in
the introduction, our primary aim has been to arrive at a simple set of algebraic rules
for wiring up quantum systems, and ultimately, to arrive at a system for modeling
quantum networks that parallels analogous approaches to circuit design in contem-

porary electrical engineering.

As it turns out, such rules do exist, and they conveniently operate directly at the
SLH level. I will first give the definitions of the these two products, the series product
for taking the output from one quantum system and feeding it into another, and the
concatenation product, for stacking two quantum systems together, effectively treat-

ing them as a single system.

Given two systems Gy = (Sy, Ly, Hy) and Gy = (Sg, Ly, Hy), with the same number
of field modes, the series product, denoted by G5 < (51 is given by

1
Gy <Gy = (Sgsl, Ly + SoLy, Hy + Hy + Z(L§S2L1 - L{SQLQ)) (2.45)

The directionally of the series product is important. In the above example, the
outputs from system (G are being fed into Gy. As would be expected, the series
product is not commutative. Now, given two systems G; = (Sy,Ly, H;) and Gy =
(Sq, Lo, Hs), not necessarily having the same number of modes, the concatenation

product, denoted G, H G is given by

s, 0] [L
G, B G, = ! T
0 S,| |Ly

Note that the concatenation product is not a parallel connection. The systems are
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simply adjoined together formally, but without any exchange of the field modes. On
the other hand, the series product more or less behaves the way a series connection

from classical electronics does.

To provide some intuition, here is a heuristic derivation for the series product in the
single mode case. Suppose we have two systems with propagators U! and U? and
that we would like to feed the output of the first system G, into the second system
Go. As our systems are single mode, the scattering matrix (which is the identity) can
be neglected, and the SLH model can be written in terms of the coupling terms and
the Hamiltonian, G; = (Ly, H;) and G = (Ls, H).

In the Heisenberg picture, we can slice up our field into infinitesimal segments, and

2

have each “piece” propagate through the system by evolving the unitaries U[t L)

and then U, [}5 ) The infinitesimal propagator is given by:
UzUy = (I +dU5)(I + dUy) (2.47)

It is easy to verify that these operators do not commute, but physically, the reason is
that the systems are coupled through the same bath mode. To compute the combined

system unitary, we can apply the quantum It6 rule to obtain:

ULUL, = T+ ((Ly+ Ly)dAl — (Ly + Ly)TdA, —
1
(i(LiL1 + LYLy) + i(Hy 4 H,))dt — LiLdt)

= T+ (L1 + Ly)dAl — (L1 + Ly)Td Ay —
1 1
(5(L1 + Lo)'(Ly + L) +i(Hy + Hy + o (LLLy — LiLy))dt)
or in SLH form, U3U}, = (I, L, +L, H + Hy + %(L;Ll — LILg)). The series prod-
uct < defined above is simply a multi-mode generalization of this joint infinitesimal

propagator.
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2.5 Adiabatic elimination

However disguised they may seem, all of the derivations we have carried out thus far
fundamentally stem from Maxwell’s equations and the Schrodinger equation. Of the
two approximations that we have made— the rotating wave approximation and the
Markov approximation— it is the latter which fundamentally leads to a dramatically
simpler and more tractable model. Still, the resulting QSDE’s are quite complex,
and in the physics literature, it has long been known that in systems with widely
separable time-scales, the fast dynamics can be adiabatically eliminated to produce
a reduced order model describing only those quantities evolving on the longer time

scales.

As has been a common theme in the last several years in the mathematical physics
and quantum feedback control communities, the heuristic methods for performing
adiabatic elimination (see for example, [18, 64]), have been made mathematically rig-
orous. In particular, the Bouten-van Handel-Silberfarb adiabatic elimination theory
[10] provides an algorithm for computing an approximate propagator U; to which the

sequence of pre-limit propagators Ut(k)* converges, that is,

; k)* *

lim sup U7 0) = Uy )] = 0 (2.48)
=00 0>¢>T

for all wave functions |¢)) which lie in the subspace of interest, i.e. the subspace where

the slow dynamics take place.

Certain structural requirements need to be satisfied in order to apply this theory.

Specifically, we begin with a right QSDE in the following form?,

au® =y { STV = ai)dAy +3 " MPaAT + > LPVdA; + K(’“)dt} (2.49)
2,7=1 =1 =1

2The reason for working with right QSDE’s rather than left QSDE’s is purely technical. See [10]
for a mathematical justification.
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where the operator coefficients satisfy the following scaling relationships with the

parameter k:

1
K® = —(iH+ 5 S LTI = kY + kA+ B (2.50)
l
L = kF 4+ G, (2.51)
k) _
NP = Wy (2.52)

Let Py be the projector onto the subspace of interest— the subspace where the slowly
varying quantities live— and let P, denote the projector onto its orthogonal comple-
ment. Furthermore, the theory requires the existence of an operator Y such that
YY =YY = P,. Then it follows that there exists an approximate propagator U,
which satisfies the right QSDE,

dU, = U, { D Ny = 0i)dA7 + > MidA +> " LidA; + Kdt} (2.53)
2,7=1 =1 =1

and which has the following operator coefficients when converted back to the usual
left QSDE:

1 -
—(iH + 5L}LZ)T — Py(B — AY A)P, (2.54)
(S;)t = PWa(F[YF; +6;5) Py (2.55)

l
Ll = P)(G; — AYF,)P, (2.56)
(LIS;i)f = PoWy (Gl — FJY A)Py (2.57)

J

As would be expected, there are clear parallels between the form of the approximate
QSDE given here and the heuristic methods utilized in the quantum optics literature
([18, 64]). This result will be essential in Chapter 4, when we examine networks
of many quantum optical components forming autonomous quantum memories. For
these systems, the limiting propagator provides a dramatic reduction in the size of

the Hilbert space, while still preserving the essential dynamics.
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2.5.1 Application for systems with displaced coherent inputs

The structural conditions of the adiabatic limit theorem are quite stringent, and oc-
casionally situations will arise where they are not quite met. But as is often the case,
we can find work arounds. In this section, I will describe a method, developed by Luc
Bouten in [34], and which plays a critical role in computing reduced order equations
of motion for the feedback network in the quantum memories analyzed in subsequent

chapters.

Let (S° L° H) be a network with only vacuum inputs. Consider now the same
network, but with coherent displaced inputs— we can of course compute this using

the series product:

G(k) = (SO> LO: HO) < ([7 dk> 0)
= (8° 8% + L°, H® + S{LS%;}) = (S, L™, H®) (2.58)

Here, d;. is a vector with complex-valued entries, some of which are non-zero and
which may or may not scale with k. We assume that the initial scattering matrix,

S = S has no scaling with k.

Clearly, this is a quite general condition, and unfortunately, it is precisely in situa-
tions such as this that the structural requirements above are no longer satisfied, in
particular, because of the S°dj, term in the coupling operators. We can, however,
decompose the network in a manner that allows us to satisfy the conditions of the
limit theorem. To begin with, we rewrite the network so that the scaled parameters

are moved to the Hamiltonian of a new subcomponent:

G® = (S,0,0)<(I,dy,0)<(I,STL°, H® — 3{dfS°TL°})
(S,0,0) < (I,dy,0) aG® (2.59)

We can now apply the usual adiabatic elimination theorem to the subcomponent G*),
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so that G®) is approximated by
G® = (5,0,0) < (I,ds,0) <G (2.60)

as k tends to oo.

2.6 The quantum optical master equation

Traditionally in quantum optics, the unconditional evolution of an open quantum

system is described by the Lindblad master equation,

1
ilH, ; LT——LTLZ — —pLlL, 2.61
p= pl+ Z{ 0 p—gpLiLiy, (2.61)
When measurements are made, there are techniques for describing the conditional
evolution of the system, but in this thesis, we are only interested in the unconditional
evolution. Of course, the Lindblad master equation can be broken down into the
part describing the coherent evolution of a system— the von Neumann equation— as

well as a part describing the non-unitary evolution due to the system-bath interaction.

We can derive the Lindblad master equation from a QSDE representation of an open
quantum system in the following manner. We begin with an open system model

= (S, L, H), which, as we recall, corresponds to the following QSDE:
1
dU; = {tr[(S —1)dA] + dA'L — LTSdA — 5LTLdt - z’Hdt} U, (2.62)

Suppose now that we want to compute the unconditional evolution of the expectation
value of a system operator O. In the Heisenberg picture, we can write this as jt(O) =

U,;r OUt, and applying the quantum Ito rule, we have in differential form:

dj,(0) = d(UHOU, + U Od(U,) + d(U)Od(U;) (2.63)
= Gi(L10)dt + ji([L7,0))dA; + ([0, L])dAf (2.64)
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where the super-operator £ is defined by its action:
~ A ~ 1 ~ A
L10 =i[H,0] + L'OL — 5(LTLO +OL'L) (2.65)

Now, to compute the expectation value of O as a function of time, we can simply
evaluate the quantity (j,(0)) = Tr[pj,(O)], where we take p = p, ® pyae, ie. the
global system state. Note that the differential form of this quantity, given above, can
be simplified substantially with the assumption that the bath is in the vacuum state.
As the expectation values of the noise processes with respect to the vacuum state

vanish, we have:

d(ji(0)) = (j/(L1O))at, (2.66)

which is the usual quantum optical master equation that traditionally appears in the
open system literature. From here, it is straightforward to recover the Lindblad mas-
ter equation describing the unconditional evolution of the system in the Schrodinger

picture:

1 1
dp = —i[H, pldt + ) {LipLZT — ELZL,-p — 5pL}Li} dt (2.67)

as given above. Note that while the L and H terms of the Lindblad master equation
are identical to those of a QSDE / SLH model, the scattering matrix does not appear.
This is to be expected, as we have traced over the bath dynamics to arrive at the

unconditional system evolution.



Chapter 3

Coherent feedback protocol for

squeezed-light generation

Over the last decade, many experiments in quantum information protocols and pre-
cision metrology have utilized the optical Faraday rotation of light passing through
spin polarized atomic samples. When I began graduate school, an experimental setup
of particular interest was a proposal by Jacob Sherson and Klaus Mglmer, in which it
is shown that polarization squeezed light can be achieved by sending a cw (continuous
wave) beam or pulse of linearly polarized light through an atomic gas twice in different

directions [61]. For a similar proposal in the context of atomic magnetometry, see [11].

The primary motivation behind our examining this result was less to understand the
physics— Sherson and Mglmer had already analyzed the setup quite thoroughly from a
physical perspective— but rather, to understand the mechanics of doing realistic phys-
ical modeling with quantum stochastic calculus and quantum stochastic differential
equations. Of course, we already knew that the QSDE formalism was equivalent to
the heuristic methods traditionally used in the literature, but at that time, no one
had engaged in a practical project of a modeling nature with QSDE’s, and so my
objective was to see if I could reproduce the results of Sherson and Mglmer with

these more modern tools.

28
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Figure 3.1: Sherson and Mglmer’s setup for the generation of squeezed light. After
passing through a gas of spin polarized atoms, the polarization of the cw beam or pulse
of linearly polarized light is rotated with a half-wave plate, and it is then transmitted
through the gas a second time from a different direction.

In the first section, I summarize the analysis of Sherson and Mglmer’s derivation, using
an input/output formalism derived from the work of Gardiner and Collet in the mid
1980’s [19]. The specific calculation I've chosen to show here is from Jacob Sheron’s
thesis [60] (the paper [61] seems to not provide a particularly transparent analysis)
and is illustrative of related analyses in their community for quantum teleportation
and quantum memories in atomic gas systems— I present it here for comparison and
will not use these techniques in the rest of this thesis. Then I give a QSDE-based
analysis, showing where the correspondence lies between the input and output fields

in both cases.
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3.1 Analysis with Gardiner-Collett input/output

formalism

3.1.1 Hamiltonian model for double-pass dynamics

As shown in Figure 3, we are interested in modeling a coherent drive which is double-
passed through an atomic ensemble. As the interaction between the gas and the
field is symmetric, we can characterize the atomic ground state by the collective spin
vector f Furthermore, assuming that the atoms are strongly spin polarized in the
x direction, we can apply the Holstein-Primakoff approximation and introduce the

dimensionless variables

(xatapat> = (jy7 jz)/\/‘]_it (31>

We start out with the double-pass Hamiltonian' for the combined atom-field system:

H(t) = g()par(t)pr(t,t) + g(t)za(t)zL(t — T1, 1)

In keeping with the notational conventions of [61], we index the light operators with
two time arguments, the first of which denotes the time when an infinitesimal light
segment arrives at the sample, and the second, describing time dependence. Eventu-
ally, we will replace the first index with input/output labels, i.e., we will use " (t)
and 29 (t) in place of z1(0,t) and x(t,t'), where ¢ > ¢t +T; denotes a time after the

interaction is complete.

In the Heisenberg picture, the time evolution of an operator O(t) is given by:

do@t) i . - d0(t)
S = 0] +

Tt is worth re-examining this Hamiltonian after studying the derivation of the double-pass QSDE
in Section 3.2.2. In particular, note that the simultaneous passage mechanism is modeled in this
formalism by adding a time delay to the xzz interaction (the second term of the Hamiltonian),
whereas in the QSDE-based treatment, we employ an interlacing procedure to derive the overall
double-pass description from the constituent single-pass interactions.
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In the subsequent analysis, we will neglect dynamics that take place on the time scale
L/c, where L is the length of the sample— in other words, this is equivalent to the
assumption of instantaneous propagation of light across the sample?. So in computing
the Heisenberg equations of motion for the atomic and field observables, we will only
include the contribution from the commutator of the given observable with the system

Hamiltonian. For example, for the observable z(t), we can compute:

d o 0w (t)
%xat(t) = —h[H, To(t)] + Y
~ E[H’ Tar(t)]

= %[g(t)pat(t)pL(t,t),xat(t)]
= %g(t)pL(@ t) [pat(t)u Tat (t)]

= g(t)pc(t,t)

Proceeding in an analogous manner, we obtain the Heisenberg equations of motion

for the position and momentum observables of the atomic gas and of the field:

%xat(t) = g(t)pw(t, )

%pat(t) = —gzr(t —T,1)
%m(r,o = g(Opalt)5(r 1)
Soulrt) = —g(O)raltilr —t+ 1)

Solving the last two equations (keeping in mind the meaning of the two time indices),

we obtain:

xp(1,t) = ap(1,0) + g(7)pa(7)O(t — T) (3.2)
pr(,t) = pr(1,0) — g(T)xe(T + 1T1)O(t — 7 — T1) (3.3)

2Recall that this assumption is also implicit in the series product of Section 2.4
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Notice that the Heavyside step function in these solutions ensures that the observable
evolves only when the probe laser is in contact with the atomic sample. Substituting

these solutions into the first two equations, we arrive at:

Sealt) = gpe(t,0)
Spalt) = —g(t)eslt —T0,0) = g(0)g(t — Tparlt = T)

Assuming that the atomic dynamics vary slowly on the time scale 77, i.e. pu(t—11) ~

Pat(t), we can solve these equations to give:

Ta(t) = xat(O)—l—/O dsg(s)pr(s,0)

t
Pat(t) = pat(o)e_fgds[g(s)]Q—/ dse™Jo #9@, (5,0)
0

These expressions can now be inserted into Eq. 3.2 to arrive at the time dependent
output fields. At this point, we can now make the notational change we mentioned
earlier and substitute 27(¢) and x9“(¢) in place of 1 (0,¢) and z(¢,¢'). Furthermore,
we will define collective light modes with, e. g position operators zj = fOT (t)x(t)dt.

Assuming a symmetric mode with f(t) = f’ we obtain the following®:

T
it = [ (04 00 (@ B [ i, ,0)) )
I [ /T ‘ ) pat(0) [T ‘ 2
N A Y Pe I dulg(s) dt] | Par(0) / e L dsla(s)? gy
7= | e |19 [ o) 2 [ ot

it = % /0 (P () = 9() (war (0) + / dsg(s)pi (5)))dt

= [oh - o [ e - =0 [y

3We will do an analogous rescaling of the light modes in the subsequent section before computing
the final expectation values. See Section 3.2.3
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3.1.2 Input/output relations for atom-field system
We want to derive input/output relations at constant interaction strength, i.e. making
the substitution g(t) — g¢:

2a(T) = 24(0)+ gVTp™"L

T
Pat(T) = pa(0)e" g/ e 9 T2z (s)ds

w(0)(1 — e=9°D)
l,%ut _ / s) m S)d8+pt( )( e
gvVT

P = ﬁ/ P (s)L = ¢(T = 5)]ds = 2(0)gV/T

From these input/output relations, we can compute the corresponding variances. For

example, using the autocorrelation function for the field variables (xp(t)xp(t')) =
(pr()pL(t')y = £6(t — ') we have:

= (o) ()
= [ [women=1 [ =3

So, ultimately, computing the output variances for the atomic and field degrees of

freedom, we arrive at:

1
(1 2
2( +9°)

1(14+e%
Var(pat(t) = 5 <T>

13+ 629" — 4e9°
2 292

1 4
Var(pg) = 3 (1 + %)

Thus we see that the complementary field quadratures, i.e. 9" and p9

Var(zy(t)) =

Var(a3") =

out correspond

to squeezed and anti-squeezed modes respectively. In addition, from the variances
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of the atomic-gas system, we see that this setup generates up to 3dB of atomic spin

squeezing.

3.2 Analysis with quantum stochastic differential

equations

Having examined this simple coherent feedback system in the input/output formalism
used by Sherson and Mglmer, I now turn to re-producing the derivation using the
quantum stochastic calculus formalism developed from first principles in the introduc-
tion. After a brief overview of the physical setup and the basic mathematical objects
involved in the corresponding quantum stochastic model, I will give a derivation of the
double pass QSDE using the heuristic infinitesimal generator method described in the
introductory section on the series product (see Section 2.4). For comparison with the
analysis given in the previous section, I then use the double-pass QSDE to derive the
corresponding input/output relationships. Finally, I derive the joint-characteristic
function for the atom-field system, from which the corresponding probability distri-

butions of the atomic and field variables can be computed.

3.2.1 The model

We consider an atomic gas in interaction with the quantized electromagnetic field.
As described in the previous section, since the interaction between the gas and the
field is symmetric, we can characterize the atomic ground state by the collective spin
vector j Furthermore, assuming that the atoms are strongly spin polarized in the
x direction, we can apply the Holstein-Primakoff approximation and introduce the

dimensionless variables

(mabpat) = (jy7 jz)/\/jx (34)

Setting i = 1, these obey the canonical commutation relationship [z, pa] = 1.

The atomic gas is described by the Hilbert space of quadratically integrable functions
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L*(R) and the electromagnetic field by the symmetric Fock space F over L*(R) (space

of one-photon wave functions), i.e.

F:=Ce P L R)>"
k=1
With the Fock space F we can describe superpositions of field-states with different

numbers of photons. The joint system of the gas and field together is described by
the Hilbert space L?(R) @ F.

As described in first chapter, we examine the interaction between the gas and the
electromagnetic field in the weak coupling limit [24, 23, 1] so that in the interaction
picture, the unitary dynamics of the gas and the field together is given by a quantum
stochastic differential equation (QSDE) in the sense of Hudson and Parthasarathy
[30]:

dU, = {—L*dA, + LdAT — %L*Ldt _iHdH,, (3.5)
with L = % H = Ya®(pz +ap), and Uy = I. We will formally derive this QSDE
in the following section. Here, the operators L* and L are proportional to the the
raising and lowering operators on the atomic gas system and A; and A; denote the

field annihilation and creation processes.

Note that the evolution U; acts nontrivially on the combined system L*(R) @ F.
That is, L and A; are understood to designate the single system-operators L ® I and
I ® A, respectively. As described in the introductory sections on quantum stochastic
calculus, recall that Equation (3.5) should be understood as a shorthand for the

integral equation

t t 1 t
Uy=1— / L*U,dA, + / LUdA; — 5 / L*LU,dr
0 0

0
t

—1 | HU.dT,
0
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where the integrals on the right-hand side are stochastic integrals, and where the

stochastic increments satisfy the standard It6 table (see 2.1).

As a notational convenience, we adopt the following convention when applying the

quantum It6 rule: Let {Z;},—1 , be stochastic integrals. Then we write

.....

AZ:Zy... Z,)= > {v},
p}

where the sum runs over all non-empty subsets of {1,...,p}. Forany v = {iy,... i},
the term {v} is the contribution to d(Z,Z, . .. Z,) coming from differentiating only the
terms with indices in the set {i1,...,7;} and preserving the order of the factors in the
product. The differential d(Z;Z573), for example, contains terms of type {1}, {2},
{3}, {12}, {13}, {23} and {123}. We have {2} = Z1(dZy)Zs, {13} = (dZ,)Z>(dZ3),
{123} = (dZ,)(dZy)(dZ3), etc.

3.2.2 Derivation of the double-pass QSDE

I will now briefly review the derivation of the single pass QSDE’s as given in [8].
From these, it is fairly straightforward to construct the overall QSDE for the double-
pass system. Recall that the Faraday interaction Hamiltonian for a laser and spin

polarized atomic gas is given by:
Hdt = 20F,S.dt = 0F,(dA/" — dA; ™) (3.6)

Then the time evolution of the combined system is given by the unitary propagator
UP = exp (z fot (dATT — dAs__)ds). Applying the It6 rule, we arrive at the following
QSDE:

dUY { ("= = 1) dA[ T + (77" = 1) dA; 7} UY (3.7)

In other words, we see that the collective spin of the atomic gas is rotated by an angle

+6 along the z-axis, depending on circularity of the light. In the linearly polarized
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basis, we can re-express this QSDE in the following form:
dU; = {(cos(0F,) — 1) (dAJ* + dA}YY) — sin(0F,) (dA}Y — dAY")} U, (3.8)

Anticipating the use of SLH notation in subsequent chapters, note that the above

QSDE is equivalent to the following SLH model:
0
, ,0 3.9

Fsrg = <

Note that this model describes an atomic gas which mediates scattering between two

cos(AF,) —1 —sin(0F,)
sin(AF,)  cos(AF,) — 1

bosonic channels. To ultimately arrive at a model with a single channel which couples
x(p) of the atomic gas with z(p) of the field, we need to examine the dynamics in the
strong driving, weak coupling limit. Assuming a driving laser with coherent ampli-
tude o, and fixed measurement strength M = 62a?, as « increases and 0 = v M /o
decreases, we can expect for the x channel to remain in a coherent state, as the rela-

tive effect of the atoms on the z-polarized channel will decrease.

Under this assumption on the z-channel (the y-channel is still in the vacuum state),

the time evolution for the combined system is given by Eq. 3.7. For 8,y € {x,y}
AN = dl*a)de,  dAY =dldr,  dAP = o7,

Again, invoking the assumption that the z-channel is approximately in a coherent
state, we can replace af by ae and a®* by ae™t. Then for large o and small 0, we

obtain:

avp = { (cos(0F.) — 1) (a®dt + dA}") —

sin(0F,)a(e " dAY — ' dAY") }Uf.

Replacing, 6 by v M /a and taking the limit « to infinity, the time evolution of the
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global system now satisfies the following QSDE:
7T /AT —id i¢ * M U
dUt: MFZ(G tdA?—e tdA?)-;det Ut.

If we now make the Holstein-Primakoff approximation and introduce the dimen-
sionless variables (4, Pat) = (jy, jz) /v Jz, we arrive at the following single channel

QSDE’s for each pass of the combined setup:

dA; — dA;
dul = {—iozp—t — iozszdt} U} (3.10)
iv2
Ar +dA
dU? = {—z’amdt—\—/gdt — }loﬂxth} U? (3.11)

To derive the QSDE for the double pass system, we first divide up the light into pulses
at discrete time intervals and have each “piece” make multiple passes. Consider the

following;:

ti+dt = Uti + dUti = MZUZ
= MM, MiUi = MIM! ..M

where i = 1,2; M} = {I — iozp(dAi;gAt) — 1a’p?dt}, and M? = {I — iozx(dA{%dAt) -

%aZxth}. The last two equalities follow by recursively applying the first and the fact
that U = UZ = I. This expression is equivalent to the series product in [73, 72] and
[26]. We can now write the QSDE for the combined system as follows:

Uf—idt = (MfMtl)(MtQ—AtMtl—At)---(M(?Mol)
= (MtQMtl)Ufl
= dU' = (MIMAHUE' — U

Expanding the above product using the Ito table and dropping the superscripts, we
arrive at the double pass QSDE:

1
AU, = {~L*dA, + LA} — S 1" Ldt — iHdt}U,, (3.12)
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with L = ffm) H = >a?(pz + zp), and Uy = I as before.

Of course, as we would expect, we can simply use the series product to arrive at the

same expression in SLH form:

(1, Ep, (1,W:L',O)

(67

_ (17 o). £|a|2(acp +px)) ,

which is equivalent to the QSDE given above.

P1<]P2: 0)<]

3.2.3 Correspondence with input/output formalism

Although we will not be using the input-output formalism [19], we present it here for

comparison with [61]:

~ A+ dA
at - J / xphdt - Tt

d (U (A + A})UY

out U* 2nU IOUtdt —
, A dA; — dA;
in_ j /. ndp = — "t
Pat / pph Z\/§
d|U (A, — AU,
i = Uil iyt = LU A

iv/2

out

out
h n

For the sake of simplicity in later computations, we have defined z;" and pp
such a way that [z ;}ft, pf,}ff] = it. As will be apparent later, once we have calculated
the variances for these operators, we rescale by a factor of 1/t to obtain the actual
variances for the modes that we are interested in (i.e. the squeezed and anti-squeezed
modes). Applying the It6 rule, and evaluating the products of stochastic integrals

using the Ito table, we can express the above input-output relations in the language
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of [61] (see also Section 3.1):

PR = a0+ op () (3.13)
P = a0 — () (3.14)

d$ZUt(t) in

# = apy(t) (3.15)
out

WO o (agr) + o' () (3.16)

As an example, we derive the expression for x93 (t):

d[U; (A + A7)UY

V2
= {1} + {2} + {3} + {12} + {23} + {13} + {123}

out
xpp dt

A simple calculation shows that the terms {1}, {3}, and {13} sum to zero, and from
the It6 table we see that third powers of increments (i.e. {123}) vanish, leaving us

with {2}, {12} and {23} to calculate:

dA, + dA;
9y = YT
2 =
dA, + dA: I
(12} = dr Ty pr v
V2 V2

L

Summing the preceding terms, and substituting for :17;7;” we obtain:

{2} + {12} + {23} = ML\/;A: + Uy

= x;f,lldt + UfapUydt

(L*+ L)

U,dt
\/§ t

= apn (1) = ap(t) +apl'(1)

For comparison with the results in [61], « should be equated with #, and as we have

ignored damping, 7 should be set to 1.
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3.2.4 Derivation of the joint characteristic functions

We now derive the joint characteristic functions for the combined atom-field system.
Define F[t, k,l] and G[t, k,[] as follows (see for instance, [6]):

. L (Ag+AY)

Flt,k1] = (w@® | U™ o™ V2 U, |ved) (3.17)
) (A—Af)

Glt, k1] == (v ® | U™ v U, |ved) (3.18)

In this notation, F' denotes the joint characteristic function for AtLﬂA: and p, while GG
Ap—Af

V2
need to calculate the joint characteristic function for all 4 variables, in the particular

denotes the joint characteristic function for Z and . While in general, we would
system we are studying, the function decouples into two independent components.
Here, ' and G are expectation values taken with respect to an x-polarized spin state
of the atoms and the vacuum state of the field, as described in the previous section.
Since we are interested in obtaining joint characteristic functions, and not individual
moments, the atomic and field operators are given by complex exponentials of the

respective observables.

We can calculate F[t, k,l] and G[t, k, ] by solving partial differential equations given

by the following lemma:

Lemma:

oF

= = —Hal—kPF—a(al -3 (3.19)
oG
B = —al + k)’G — ak% (3.20)

where F[0,k,1] = G[0,k,1] = e~

L (Ag+AY) .
Proof: Let F(Z) = (v@® | Uf(Z®e™ V2 U, | v@®) so that Fle'®] = F[t, k,1].
Using the notation introduced previously, we have the expression dF[eP] = (v ® ® |

{1} +{2} +{3} +{12} + {23} + {13} + {123} | v®@®P). Applying the It6 rule and noting



CHAPTER 3. POLARIZATION SQUEEZING 42

that the third powers of increments vanish, we are left with the following differentials

to calculate:

. (A +AT)
{1} = dUt*(ellp®€Zk s VU,
* (Lilp ik(dA+dA}) 17.2 ikM
{2} = U/ ("o (TG0 - kde” V2 ),

(A+4))

{3V = U @™ 2 )y,

(A+A7)
V2

{12} = dU; (" @ <% — 12at)e™ VU
‘ ' " L (Ag+A})
{23} - Ut* <€le & (% _ A_llk,th)ezk%)dUt
ikw

{13} = dUf (P @™ vE )dU,

In the above expressions, dU; and dU; are given by equation (3.5). The terms dA;
and dA; vanish with respect to the vacuum expectation (see, for instance [53]) and
we find that {1}, {3}, and {13} give the following:

(v@® | {1} +{3} +{13} |v® D)
——F[L*Le™ + i He''P)dt
1
2
= F[L(e")]dt,

| —

Fle™L*L +ie"”H|dt + F[L*e"L)

where £(e"?) is the Lindblad operator given by

, 1 , : ,
L") = = {L"L, e} +i[H, "] + L'eV L
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Recalling that L = a(p—\gx), L* = (}”) and H = ;o(px + ap), we can expand the

Lindblad term as follows:
. 1 . . .
FL(e")]dt = F[—E{L*L, e}y +i[H, e + Le'™ L*]dt
= —}la212F[e”p]dt — a2l F[pet®]dt

= _zll(l/2l2F[t, l, k‘]dt _ QQZangl’k]dt

In the last step, we used that the term F[pe'’P] can be written as the partial derivative

_jOFILLE]

5 Summing the remaining terms, we have:

(ve® | {2} + {12} + {23} | v® D)

— —%kQF[eilp] _ %F[L*eilp + 6ilpL]
= —i/{:zF[eil | — \[F[ (’\’ga’) ilp ezlpa(li/ﬁw)]

= —JREF[) 4 LF L k1) + ok 25

Collecting like terms, we arrive at the expression stated in the lemma. The initial
condition is obtained by noting that the atoms begin in a J, eigenstate and that at
timet =0, Ay = Ay = 0 and U; = U = I. As we have applied the Holstein-Primakoft
approximation, introducing the variables (ut, par) = (Jy, Jz) /v/J, we then see that
the initial state is a Gaussian with variance % The derivation for G|t, k,[] proceeds

analogously.

We then arrive at the following solutions for the joint characteristic functions:
Flt k1] = o3 |70t P20y W02 ] (3.21)
Gt k1 = e ~3[e2, 24202, K2 k2] (3.22)
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where
0, = i(l+e™) (3.23)
Oy = —aa(LH e =27 (3.24)
0r, = (3 e —dem) (3.25)

and

2 1 2
Ore = Z(l+a’t) (3.26)
Oy, = —10°1 (3.27)
1

0y = Ftt+galt’ (3.28)

The expressions o2 denote the variances and covariances of the respective quantities.
From equations (3.23), (3.25), (3.26), and (3.28), we see that this setup generates
arbitrary amounts of polarization squeezing and at most 3 dB of atomic spin squeez-
ing. Although it is to be expected that for a linear system an initial Gaussian state
remains Gaussian, the derivation of the joint characteristic function makes this fact

explicit.

3.3 Summary

The physical mechanism identified by Sherson and Mglmer is certainly of interest in
its own right. But from the perspective of coherent feedback control and the more
general goal of realistic physical modeling with QSDE’s; this was a small step in a
much more ambitious direction. In particular, as we will examine in the subsequent
chapter on autonomous quantum memories, the simple heuristic derivation of the
series product that we use here becomes much more powerful when used in in the
more general form as proposed by Gough and James. This allows us to not only
tackle more complicated linear and non-linear systems by hand, but ultimately, to
implement these algebraic rules in a computer algebra system that enables us to scale

up the synthesis of quantum networks effectively to arbitrary levels of complexity,
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limited only, of course, by our ability to simulate the resulting systems.
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Chapter 4

Coherent feedback networks for

quantum error correction

I will now examine a class of quantum memory models which synthesize and build
upon the intuition developed in the previous chapters. Perhaps it’s also worth noting
that the pedagogical progression that organizes this thesis is fairly accurate histori-
cally as a chronological record of events. When I was first examining the polarization
squeezing setup described in the previous chapter, the series product did not exist—
hence the heuristic derivation of the double-pass QSDE. Of course, the intuition is
entirely present in this work, pointing the way to the substantially more general ap-
proach to quantum network synthesis that the Gough-James series and concatenation
products allow for. The models I analyze in this chapter— initially developed by Ker-
ckhoff, Nurdin, Pavlichin, and Mabuchi in [35]- are the first examples of photonic
networks synthesized within the Gough-James framework. And as I will show in the
latter half of the chapter, with the aid of computer algebra, we can essentially con-
ceive of and design networks of arbitrary complexity, a feat which would simply be

impossible with a heuristic input/output formalism.

46



CHAPTER 4. COHERENT QUANTUM NETWORKS 47

4.1 Overview of nanophotonic quantum memory
design

Quantum feedback control provides a systems engineering perspective on the analysis
and design of quantum memories, complementing alternative ideas extending from
theoretical physics. Whereas the latter approach has emphasized the connections of
quantum error correction and quantum computation to many body physics [37, 14],
the quantum control community has viewed decoherence suppression as a problem
that should ideally be formulated as a non-commutative generalization of classical
stochastic and hybrid control theory. In a sense, we can view this research program
as a 1950’s/60’s-era agenda translated forward a half century. That is, given the
novel resources of photonics, quantum electronics, and spintronics, we can ask our-
selves what the basic constituent components might be of a post-classical information
processing machine, and how the exchange of signals among such components could

be used to realize desired functionality [2, 9, 46].

Within this setting we have recently investigated nanophotonic circuit models for
quantum memories that autonomously implement well-known stabilizer codes. In
these models, each physical qubit is strongly coupled to an optical or microwave res-
onator, and the resonators are coupled by waveguides to form a coherent feedback
network (photonic circuit). When the circuit is powered by appropriate stationary
laser inputs, the resulting continuous-time dynamics effect error detection and cor-
rection without any additional external clocking or control signals. In such models,
the classical signal processing apparatus assumed in standard treatments of quantum
error correction is replaced by a small number of controller qubits, making it possible
to derive a master equation for the closed-loop behavior that can be modified straight-
forwardly to incorporate a wide range of realistic decoherence mechanisms [35, 36, 50]
(see also 4.3.2 in this thesis).

The operational principles of these quantum memory models, as well as the methods

used to derive their equations of motion, exemplify a quantum-optical generalization
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Figure 4.1: Photonic network implementing 3-qubit bit-flip/phase-flip code

of conventional electric circuit theory in which guided electromagnetic fields play the

role of signals and qubit-resonators serve as input/output devices that process them

coherently.

The models we examine in this chapter are class of quantum photonic circuits that au-
tonomously implement a form of quantum error correction (QEC) based on stabilizer
coding, continuous syndrome measurement and restorative feedback. No external
control or clocking signals are required; once fabricated according to specification
the circuit should continuously implement the QEC protocol by virtue of the fixed
Hamiltonian couplings among its cavity QED-based components and optical waveg-
uides. The circuit is powered by coherent laser inputs, whose frequencies should be

accurately stabilized but whose amplitudes need only respect a certain parameter
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hierarchy— note the relationship of this hierarchy to the adiabatic elimination theo-
rem used to derive the reduced order equations of motion [10] (see also Section 2.5).
Such QEC models present a useful set of elementary examples for quantum circuit
theory incorporating features such as coherent optical signals, component-component

entanglement and feedback loops.

The physical intuition of the network dynamics can be thought of in the following
manner. At one level of abstraction, each photonic circuit consists of a one-to-one
correspondence with a given stabilizer code. If our stabilizer code has N qubits, then
the corresponding network has N register qubits implemented in cavity-QED based
components. The “control signals” are the error syndromes which are extracted by
measuring stabilizer generators. To process each of these control signals, we presume
additional qubits, the cavity-QED controllers, or relays, again in one-to-one corre-

spondence with the stabilizer generators.

The fundamental physical mechanism which enables these designs is the QND mea-
surement of the error syndrome, i.e. the stabilizer generator measurement. In a bad
cavity limit (k — o0), a probe beam resonant with the cavity will enter and exit
‘immediately’ when the atom is in the uncoupled state. In this case, the input and
output beams will be in phase— i.e. the probe beam gains no additional phase shift.
However, when we are in a regime called the “small volume limit” (g., x — oo, with
ge/k constant), the probe will be reflected from the off-resonant, atom-cavity system,
and pick up an additional 7 phase shift. That is, when the system is constructed so
that the cavity decay rate and coupling constant obey a certain parameter hierarchy,
the combined system acts as a static, state-dependent phase-shifter. In the subse-
quent sections when we derive the corresponding SLH models, this will be manifest

as a triple with only a scattering matrix, but no coupling or Hamiltonian terms.

The remaining sections are organized as follows. Following the exposition in [35], T will
give a detailed derivation of the SLH component models necessary for constructing

autonomous quantum memories implementing stabilizer error correcting codes, and
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Figure 4.2: Atomic level diagrams for Z-probe/feedback and X-probe/feedback in-
teractions
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Figure 4.3: Input/output diagrams and atomic level structure for cavity-QED relay

construct the Gough-James circuit model and master equation for the bit-flip/phase-
flip code. I will then demonstrate how the basic network synthesis framework implicit
in the Gough-James circuit algebra can be systematically implemented in a computer
algebra system to enable what we might call “photonic design automation” that
allows for the synthesis of quantum circuits of arbitrary complexity. I then describe
a related workflow for transforming photonic circuit models, and as an example,
derive reduced order equations of motion for the 3-qubit and 9-qubit Bacon-Shor
codes which also incorporate the effects of propagation losses. Finally, I extend the
analyses conducted thus far for the 3 and 9-qubit code to arbitrary stabilizer codes by

deriving a class of phenomenological master equations which capture the high-level
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principles of coherent-feedback quantum memories.

4.2 Network components for quantum memory cir-

cuits

In this section, I give a detailed derivation of the component models used for the
bit-flip/phase-flip code. The exposition is directly adapted from the appendices of
[35], so those readers who are intimately familiar with that work may safely skip this
over, although I have tried to expand on and highlight several salient features of the
analysis at various points. Furthermore, the motivation for the work in the subsequent
section on the QHDL paradigm for photonic network synthesis was inspired by the
notion that we could automate laborious calculations such as these, so for the reader
exposed to this material for the first time, it should be of some value to see precisely
what symbolic operations need to be algorithmically implemented to achieve a high

degree of automation with the QSDE and Gough-James frameworks.

4.2.1 Probe model for syndrome extraction

I first present the model for sequentially interrogating the qubits and extracting the
error syndrome— the physical mechanism described here was first proposed by Duan
and Kimble in [15], which formed the physical basis for the continuous-time two-qubit
parity measurement setup described in [34]. See also [49] for a dispersive model with

smaller phase shifts.

Pre-limit model

The probe interaction consists of a three level atomic system in a A-configuration
in conjunction with a quantized mode of a single-sided cavity. For the Z probe,
the |g) <> |e) transition is strongly coupled and on resonance with the cavity mode,
while the |h) state is fully uncoupled. In the case of the X probe, both |g) <> |e)

and |h) < |e) transitions are simultaneously coupled and on resonance with the
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cavity mode. In a rotating frame and under the rotating wave approximation, the

Hamiltonian for both systems is given by the familiar Jaynes-Cummings model:
H =ig.(c"a— oa") (4.1)

where a is the cavity mode annihilation operator and o is the atomic lowering oper-
ator. In the case of the bit-flip code, o = |g){e| on the atomic states, whereas in the
phase-flip code o = \/Li (lg) + |h)) (e|. The coupling rate g. is assumed to be real in

all of the networks presented here.

Our atom-cavity system is not closed— photons in the cavity can decay into the
environment and when excited, the atom will spontaneously emit photons into a
mode transverse to the cavity mode. As described in the introduction, the interaction
of a system with the environment can be incorporated into the quantum stochastic

differential equation framework with the following terms as part of the coupling vector:

Li =V2ka; Ly =+/2v,0 (4.2)

Here, k and v, are the cavity field and atomic dipole decay rates, respectively. Note
that there is no direct coupling between the cavity and atomic decay channels. Hence,
the scattering matrix S is simply the identity. In SLH form, the right QSDE describing
the dynamics for the Z and X systems is given by the following triple:

Q= <[, [ 227/{(10 ] yige(o*a — aa*)> . (4.3)

Adiabatic elimination

Having established the pre-limit model, we can now apply the adiabatic elimination
theorem to () to obtain a simple, scattering-matrix model which we will use to con-

struct the final network master equation.

As prescribed in [10] (see Section 2.5), we define a sequence of parameter-dependent
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QSDE’s with a scaling parameter k:

dQ" = ng){ — kV2kad Ay + kV2ka*dA; — \/2v10d AT + \/2y 0" d AT —

k*ka*adt — vy o*odt — k*g.(0c*a — Ua*)dt}.

The operator coefficients of the above left QSDE are

K® = —kka*a—~i0%0 — kg, (a*o — ac™) (4.4)

[k [ FV2Ra (4.5)
2v,0*

N® — T (4.6)

As described in the introductory section on adiabatic elimination, we can now derive a
limiting propagator (); that will be used in the network model in place of the physical

cQED model. To satisfy the structural conditions 2.5 we use:
Y = —ka*a—g.(a"c —ac*), A=0, B=—vy,0%0,
F:< 2'%*), G:<0 ) W=1. (4.7)
0 2v,0"
For the Z probe, we choose Hy = span{|g,0),|h,0)} and define

Y {lg0),lh0)} =0,

- 1
Y |hn)=——1hn), n>1,;
Kn

Fle(n-1) = - I gn) - e (1), a2

k(n—1)
k2n(n—1) 4+ g?n

Y |gn) =
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This gives us the condition YY =YY = P;. The limiting operator coefficients are,
K=0, Li=Ly=0, M;=M;=0, (4.9)
and (with II;, = |¢,n) (i, n|)

Ny = PyWi (Fl*f/Fl + 5n> Py = Py + 26PyaY a* (I + o)
= Py +2kPaY (|g1) (90| +|h1) (hO)
— Py +2xPya (i|60> (0] — %|h1> <h0|>
— Py — 2| h0) (hO|

ZHgo — 1y = Z,

And for the remaining matrix elements:

Ny» = P3Wi, (F;*Y/Fg n 512> Py =0
N21 - POW22 (F;?Fl + (521) PO - O (410)
Noy = PyWas <F2"‘}7F2 n 522> P=1

Thus we see that the limiting system has the following SLH form:

(I E A

Although the probe model is strictly speaking a 2-port device, as it can be decomposed
into the concatenation @ = (Z,0,0) B (1,0,0) we will frequently use the short-hand
notation @@ = (Z,0,0) to denote the limiting SLH model. For the X probe case
in the phase-flip network, an analogous derivation will give rise to the SLH model
Q= (X,0,0).
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4.2.2 Feedback model for error correction

In the previous section, we saw how the coupled atom-cavity system allows for a
physical implementation of syndrome extraction for the stabilizer generators in the
bit-flip/phase-flip code. I now describe an analogous mechanism— the Raman inter-
action model- that allows errors to be corrected in the coherent feedback loop. Note
that the probe and feedback networks are effectively independent entities, so that in
addition to continuous interrogation by the probe networks, the qubit cavities are also
illuminated by (possibly) two free field modes that drive atomic Raman transitions

between the ground states of the qubit subspace.

Pre-limit model

For the feedback model, we assume an additional atomic excited state |r), distinct
and far detuned from |e). The ground states are coupled to |r) via interactions with
transverse free fields. When two of these field modes, far detuned by frequency A from
the {|h),|g)} <> |r) transition simultaneously illuminate the qubit, Raman resonance
conditions are satisfied, inducing coherent Rabi oscillations between the two ground
states. For the bit-flip network, these interactions are modeled in a QSDE by the

following Hamiltonian and coupling operators:

H® = EAlr)(r| = K2All,
L = Al = VAo
LY = \Alghrl = Ao (4.12)

Here, we have scaled the detuning A with £, in anticipation of the adiabatic elimina-
tion procedure that follows. For the phase-flip network, the above coupling operators
are modified with o, — \%(ahr +0y) and o4 — \%(ahr — 0gr). We incorporate two

additional coupling terms to model the interactions of the {|h),|g)} > |r) transitions
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with all other free modes (assuming the limit v < )):

k

LY = \/Ajon

k

LY = Ajoa (4.13)

Adiabatic elimination

Application of the adiabatic elimination theorem [10] to the above (using the modified
technique discussed in section 2.5.1) results in an approximate Hamiltonian interac-
tion

H = = (|81 T + |BoPTL, + By S0 + Bi o) (4.14)

and all atomic operators drop out of the field coupling operators (eliminating all
spontaneous emission dynamics). Thus, coherent transitions between the two ground
states may be driven by the last two terms in H when both Raman modes are in
large-amplitude coherent states. Note, however, that the ground state energy shifts
represented by the first two terms correspond to AC Stark shifts which are detrimental
to the performance of the memory. For a discussion of compensatory mechanisms,

see Appendix A.

4.2.3 List of network components for bit-flip/phase-flip code

In this section, I simply list out all of the individual components necessary to construct
the 3-qubit bit-flip/phase-flip code.

Qubit cavities:

The qubit cavities in the network can all be decomposed into a concatenation
product of subcomponents. Because of the asymmetry in the stabilizer generators,
that is, since qubit )2 is contained in both syndrome measurements, ()2 will consist
of a decomposition into 4 cavities (2 probe and 2 feedback), whereas the remaining
qubits are decomposed into 3 cavities (1 probe and 2 feedback). That is, Q2 =
Q21 H Qo0 H Q93 H o4, where Q21 and (o4 are the subcomponents affiliated to the

probe lasers, while (Jo5 and Q23 correspond to each leg of the Raman transition. Q1
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and @3 are single sided cavities which decompose as Q; = Q1 BQ;BQ;3 (j =1,3).
Qj2 is the subcomponent affiliated to the probe laser coupling. @;; and @Q);3 again

correspond to the two legs of the Raman transition.

Probe interactions:
As we derived above (see Section 4.2.1), the cavity subcomponents corresponding

to the Z-probe interaction have the following SLH models in the small-volume limit:
Q12 - (ZQ17070) ) Q21 - (ZQ27070) ) Q24 - (ZQ2707 0) ’ Q32 - (ZQ37070) . (415>

For the phase-flip network, the X-probe interaction can be formed by making the
substitution Z9 — X9

Raman transitions:
For the bit-flip feedback network, we have the following set of SLH models for the

Raman interaction:

(1 \/_agr, AHQ1> (1 \/_ah,r, AHQ1>
Q22 - <17 ﬁa}?r27 _AH92> ) (1 \/_Ugr 7_ HQ2> )
Q31 - ( \/_O-gQrg? HQ3> ) Q33 = (17 ﬁai?r37 §AH7€Q3) ) (416>

Again, for the corresponding phase-flip network, the SLH models can be formed by
making the substitutions oy, — \/Li(ahr—kagr) and oy, — \/Li (0hr—0gr). The particular
choice of coupling operators in theses models is motivated by the need to attenuate the

effects of feedback-induced AC Stark shifts— see Appendix A for a detailed discussion.

Coherent displacements:

As described in Section 2.2.3, in the SLH formalism, a laser can be modeled via the
QSDE for the Weyl operator. There are two types of lasers in this network, one set at
the probe frequency and the other at the Raman frequency. Each has the following
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SLH model (with d = « for the probe network and d = § for the feedback network):
W, = (I,d,0);. (4.17)

Beamsplitters:

As shown in the introduction, a beamsplitter has the following SLH model:

o —gt
won=([7 ][] ) "

In the current QEC networks, all beamsplitters are 50/50:

1 1
B—([ﬁ1 ?],o,o). (4.19)
V2 V2

Relays:

The fundamental “computation unit” in the networks are the cavity-QED relays
described in [45]. The relays are what allow the network to decide when to issue
restorative feedback based on the error syndrome measurements. Each of the two
relays, Ry and R,, is a 4-port device with the concatenation decomposition Ry =
Ri1 B Rys. The field inputs to Rys control the state of the relay, which in turn
controls the routing of the field inputs to Ry;. The relays have the following SLH

form:

i HRk _HRk
Ry = g "
_H}I?k HRk:

'HRk _ Rk
Ry = g ha 10,0, 4.20
. ( s ) e

for k = 1,2, where the superscripts keep track of operators on different component

states.
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Bit-/phase-flip errors:

To model errors in the system, we can concatenate “error component models” onto
the final QEC network. The errors correspond to SLH models that couple the system
to either Pauli-X errors (for the bit-flip code)

E% = (1, \/fXQi,o) (4.21)
or Pauli-Z errors (for the phase-flip code)
B = (1, \/fZQi,O) (4.22)

The mean rate of errors is I' and, of course, equivalently, we could simply add the
corresponding Lindblad terms to the final master equation rather than concatenating
the SLH models to the network (see Section 2.6).

4.2.4 Network calculations with Gough-James circuit alge-

bra

A schematic diagram of the overall quantum network is shown in Fig. 4.4. Our aim
is to use the Gough-James circuit algebra to compute the full SLH model for the
network G H G’, with the subnets G and G’ defined as the following decomposition

into probe and feedback components:

Gy =Ri2 < B < ((Q12 < Q) B (1,0,0)) <« B« (W 5, B (I,0,0)),
Gf = (Qll H Q31 H Qgg) < (B EBQ ([,0,0)) < (RH H (I,0,0)) < (WB & ([2,0,0)) ,
(4.23)

The network G’ is formed by permuting the component indices in the following man-

ner:

Roy <+ Ria, Ry < Rii, Qa3 <+ Qu1, Q33 <> Qa2, Qi3 <> Q31, Qs < Qa1, Q32 < Qra.
(4.24)
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Figure 4.4: Diagrammatic representation of quantum correction network. Note that
the Gough-James network expression can essentially be read off from a schematic
representation of this form.

Thus, the overall network takes the following SLH form:
N = | diag(S®,s'® sO gy

, H® - H'® 4 HO 4 7O [ (4.25)

As stated earlier, note that the bit-flip/phase-flip errors can essentially be thought of

as separate “circuit components” E%Z, which are concatenated to /N prior to deriving
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the Lindblad master equation— these “error components” are not shown in the circuit
diagram of Figure 4.4.
Probe network

Substituting the component models into the Gough-James expression for the probe

network, we have for the G,, the following SLH model:

1 0(12)1—[51 +133(12)0’11;;1 E(H)Hfl +0(12)0}1391
Sg, = =
P 2 | —poamk 0(12)05}11 —otAIR E(12)0£
MTRIO02) 1 ;R p(12)
Lo, = ——| ¢ 7hg (4.26)
V2 | —oB0o0 — 1t pi2)
Hg,= 0
And analogously for G
., 1 0(32)1—[52 Ty 5C) of? E(32)H§2 1L 0B ofi2
P 2 —E(32)H§2 _ 0(32)0.!1]%2 _0(32)1—[?2 _ E(32)O'§h2
2062 4 sR2[pGs2)
Lo = — | 7 Thg (4.27)
TV2 | 206D I peY)
Hg = 0

For the bit-flip correcting network, E#) = Z9 7% 4 1 and OW) = 7979 — 1
are proportional to two-qubit parity projectors. For the phase flip network, E#) =
XQXQ 1 and OW) = XU XU 1.
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Feedback network

Substituting the component models into the Gough-James expression for the feedback

network, we have for G, the following SLH model:

o 1
S, = 7 =217 VRIE 0
—HR1 TS 1
HRI
Lg, = HR1 (4.28)
ﬁHRl

Hg, = _ZHQz +Im{\/75 Ql*HRl U}?TQ*HRI . \/503:3*1—[}];21)}

And analogously for G':

. Hfz —12 1
SGf/ = 7 _\/51_-[52 \/5]:[52
—HR2 1/ 1
LﬁHRl
Le,, mm (4.29)
_6HR1

HGf/: —ZHQH—I {\/>5 QI*HRI ,%2*H§1—ﬁ0§3*ﬂfl)}
=1

4.2.5 Second adiabatic elimination

The adiabatic elimination procedure that we performed previously was taken in the
“small volume limit,” and produced the simplified scattering model for the probe
network and the Raman transition model for the feedback network. However, there is
another separation of time-scales that we can exploit to produce yet another reduction

in model complexity— that is, we can eliminate the Raman state in the qubit model
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to produce a further simplified model which restricts the dynamics to the ground
state transitions. Here, so as to scale both the input coherent amplitude and excited
state detuning, we utilize the modified adiabatic elimination method described in the
introduction (see Section 2.5.1). Redefining 8 — kB3, A — k*A, and G, H G —
chk) H chk)' with scaling parameter k, we have the following sequence of pre-limit
SLH models for G:

Q2
- 08}1_[5‘1 — \/50331_[51 — o) H;ﬂ
Low = \E QI 4 IR 1 o @II (4.30)

@+ oy
A y
Hyw = K5 > I+ 2Im {\@kﬁ(agl*nfl — oI — \/5033*1151)}
i=1
And analogously for G:

Sé;k’) — ]

UQQTQHZ;“Q — \/io,?rlﬂfz — O',%BH;%Q
Lé}k’) = /5 | —oPLI2 + V202 T2 4 o2 112 (4.31)
3
09 + o)
Heo) = /@5 > I+ 2Im {\gkﬁ(—\/ﬁag M2 4 @212 — 5% Hfz)}
i=1
Applying the limit theorem to the concatenated network éﬁf) = é;k) H é;k)/ yields
the limiting system Gp = (S,L,H) with S=1,L =0 and:

_ QlyTR1yTR2 Q277R1TTR2 Q3y7R1TTR2
H_Q<\/§X AT 4+ Xl — Vax sl —
(4.32)
I (IIQY + TI%) — 2007 T3 — TP (192 + 117%) — 2H§2H§1)
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where the Raman interaction strength is now set by Q = v|3|?/2A.

Displacement vector from asymptotic approximation

Recall that to apply the adiabatic elimination theorem on the full network, we were
confronted with a situation where our network inputs were coherent displaced inputs
and not vacuum inputs. For the procedure described in Section 2.5.1, we construct
the network G;’?), which is an asymptotic approximation of G;k) H chk)/, with the
following SLH model:

S = diag {SY), gV} (4.33)

. _
1 kpILR
kAT

—Lkpnm

1
L g
RpIIRe
1
— A"

¥

L = (4.34)

Hym = Q <¢§XQ1H§1H§2 + XU — OXPIPIIR - (4.35)
TN + TI7°%) — 29 TI9P — TA2(TT9? + I1)2%) — 2H,’§2H§1)

As usual, for the phase-flip network, we simply make the replacements X9 with Z%
and 2H§i — I + X9 in the Hamiltonian above.
g

In the following section when we construct the master equation, however, we will
leave out the coupling terms that arise from this asymptotic approximation, as their
physical effect is to simply decohere the relay ground states. When the network is
properly initialized so that the relays are in the ground states, these terms will have

no effect.
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4.2.6 Network master equation

Now that we have the SLH model for the full network, it is straightforward to obtain

the Lindblad master equation from the Hamiltonian and coupling terms (see Section
2.6):

dp , o1 1
d_tt = —i[H,p)+ ) {LthLj — 5 LiLipe — el LJ’} 3 (4.36)

2

H =Q( VXM mP? + Xenin? — Vex e ni—

VR

I (IIQY + TI%) — 2007 T8 — TP (TT%2 + 117%) — 2H§2H,?1>,
(HR10(12 }}L%;E(IQ)) ’
( 0(12) . H§1E(12)) :
(HR2O(32 + 0R2E(32))

Ly =

&I@&I@&I@EIQ

( 05}120(32) . HfQE(SQ)) ’

=VITX®, Leg=+vVITX® L;=+vVIX% (4.37)

As in the derivations carried out above, to form the master equation for the corre-
sponding 3-qubit phase-flip network, we simply make the substitutions X% < Z@
and 211" — [ + X9 The coupling terms and the Hamiltonian terms in this mas-
ter equ;tion transparently correspond to the probe and feedback components of the
photonic network— the coupling terms L; and L, measure the joint parity of Q1 and
Q2 and modify the state of R1 accordingly, and L3 and L, measure the joint parity
of Q3 and Q2, driving the state of R2. Depending on the state of the relays, the
Hamiltonian terms then correspond to the Raman interaction which mediates cor-
rective feedback. The remaining terms in the Hamiltonian correspond to AC Stark
shifts which are a consequence of the Raman interaction mechanism (see Appendix

A for additional discussion).
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Figure 4.5: Decay of fidelity (Uo|p;| Vo) for 3-qubit bit-flip code with varying values

for the feedback strength €2 = % taking values in the range 0 to 200 in increments

of 10. The probe strength is set to o = %.

Fig. 4.5 shows the performance of the photonic network in the bit-flip configuration,

quantified by numerical integration of the above mater equation.

4.3 QHDL paradigm for photonic design automa-
tion

The coherent feedback circuit for the bit-flip code that I have just described demon-
strates a powerful set of principles: a fully autonomous quantum memory in which
both the register and the controller qubits are described by quantum mechanical
equations of motion; an application of the adiabatic elimination theory of Bouten,
van Handel, and Silberfarb [10] (see also Section 2.5), which results in a substantial
reduction in the complexity of the resulting model; and finally, a proof-of-principle

application of the Gough-James circuit algebra for modeling quantum networks.
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More broadly, the work I have described thus far in this chapter can be situated in the
context of a range of current research projects in photonics and quantum electronics
which are devoted to the development of transducers, logic gates, and related com-
ponents based on quantum-mechanical device physics [31, 51]. And as I have argued,
in order to realize the long-term vision of advanced technology based on complex
networks of interconnected quantum devices, equal attention will need to be paid to
developing the quantum theory of autonomous (embedded) photonic, optomechanical
and optoelectronic circuits [65]. This should be true not only for the most ambitious
paradigm of true quantum computing and communication, but also for engineering
approaches that seek to leverage coherent photonic, electronic or spintronic resources
for quantitative improvements in the speed and/or energy efficiency of classical sens-

ing [67], information processing [47] and communication [28].

Regardless of the chosen implementation paradigm or domain of application, one fore-
seeable future bottleneck is to construct time-domain Heisenberg equations of motion
for circuits of arbitrary complexity. The quantum memory model that I have de-
scribed in the preceding sections suggests that the Gough-James circuit algebra can
in principle be used for exactly this purpose. However, in examining the calculations
presented above, it is quite clear that there is a limit to what one can compute by
hand. Despite the strictly algorithmic nature of the series and concatenation prod-
uct based calculations, there quickly becomes an explosion in the complexity of the

equations themselves as we add more components to a network.

At this point, there is a natural analogy to draw between the synthesis of quantum
networks and standard workflows for circuit design in the engineering world. Any-
one who has taken an elementary course in electricity and magnetism or laboratory
electronics, is familiar with the basic equations that describe the operation of re-
sistors, capacitors, and inductors, or the “golden rules” for operational amplifiers.
And although one can work out the behavior of simple circuits using these rules, for
significantly larger networks, software systems are generally used in what is called

“electronic design automation” or EDA. With the Gough-James circuit algebra, we
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can imagine an analogous role for what we might call “photonic design automation,”
in other words, a system in which quantum networks are constructed at the schematic
level, and in which the underlying equations of motion are computed in an automated

fashion via algorithmic implementation of the synthesis rules for QSDE’s.

In traditional electrical engineering, the port connection topology of a collection of
components is usually called a netlist. Several widely-used conventions exist for text-
based specification of the netlist of a circuit according to some formal grammar. For
example, VHSIC Hardware Description Language (VHDL) [54] and Verliog [66] are
formats intended mainly for use in digital electronics, while Modelica [17] is a more
recent format designed to accommodate multiple physical domains. Any of these
text-based netlist formats can be used to specify the port connection topology of a
photonic, optomechanical or optoelectronic circuit, with the practical advantage that
such formats can be generated and read by graphical-user-interface circuit design soft-
ware such as gschem or OpenModelica. It is natural to consider the task of computer-
automated ‘parsing’ of a text-based netlist specification to produce a Gough-James
circuit expression, which can then be reduced algebraically to a time-domain model
for the quantum stochastic circuit dynamics. We have previously demonstrated in
our research group [65] such a schematic capture workflow, based on VHDL, for the
construction of quantum circuit models. In this section, I give a brief overview of
the QHDL workflow, and then move on to consider the transformation of quantum
photonic circuit models as a fundamental methodology for verification and robustness
analysis, working with Modelica rather than VHDL as a netlist specification format
because of its simplified grammar and its integration with Mathematica [70], which

will be used as a computational engine for symbolic manipulation.

An outline of our current circuit analysis approach is presented in Fig. 4.6. An initial
netlist description of the circuit is produced using schematic capture or coded by
hand; an important goal for future work in this field will be the algorithmic synthesis

of circuit topologies implementing a desired function. Some circuit transformations
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schematic capture,
hand coding, or
circuit synthesis

l

netlist rewrite laws

component declarations
and port connections

[ VHDL or Modelica ] > circuit transformation [ Listing 1]
modified netlist

> parsing/elaboration [ Listing 2]
component (S,L,H) models

and G-J network expression
[ Python or Mathematica ]

reducible (S,L,H) model

> algebraic reduction [ Listing 3]

Master and/or Stochastic
Schrddinger Equations

[ Python or Mathematica ] > model reduction [ Listing 4 ]

network model

reduced network model

l

’ analysis and numerical simulation

Figure 4.6: Quantum photonic circuit analysis workflow, viewed as a series of trans-
formations of a circuit model. While some rewrites are most naturally applied at the
level of the netlist term algebra, others must be done in the algebra of Hilbert-space
operators. The Gough-James algebra provides a natural intermediate representation
of the circuit model. Listings 1-4 can be found in the Supplementary Data for [56].

will most naturally be applied at the netlist level of description—below I will con-
sider the addition of optical propagation losses as an example. The initial or modified
netlist can then be rewritten into the Gough-James algebra of series and concatena-
tion products of (S, L, H) component models, and the Gough-James circuit model
can in turn be reduced to an overall (S, L, H) model for the entire circuit. Further
transformations of the circuit model, such as adiabatic elimination of fast dynamics,
are then implemented via manipulations of the Hilbert-space operators appearing in
the circuit scattering matrix, coupling vector and Hamiltonian. Final equations of

motion can then be extracted for symbolic analysis and/or numerical simulation.
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4.3.1 Circuit model transformations via term-rewriting

It is interesting to note that all the above circuit model transformations can be re-
garded as applications of compact sets of rewrite laws in a term rewriting system
(TRS) [68]. As noted above, we have chosen to implement such rewrite laws within
Mathematica. The study of TRSs provides a common framework for abstract algebra,
the theory of computation, and formal verification methods and is an active area of
research in contemporary engineering. As it appears that photonic circuit models of
the type we consider here can be treated on equal footing, it seems reasonable to
hope that sophisticated TRS-based tools being developed for classical synthesis and

verification [48] could be adapted for use in quantum engineering as well.

An elementary question to ask about these quantum memory circuits is how their
performance would be degraded by propagation losses in the waveguides. While it is
straightforward in principle to perform this type of robustness analysis via numerical
simulation of modified quantum circuit models, the complexity of even the ideal (loss-
less) models is such that adding loss terms by hand would be prohibitively tedious. In
order to obtain a valid quantum optical model for the circuit with propagation losses,
each port-to-port connection in the lossless model should be replaced by a compound
connection in which the original upstream port is connected to one input port of a
beam-splitter and the corresponding beam-splitter output port is then connected to
the original downstream port. The reflection coefficient of the beam-splitter sets the
effective propagation loss of the connection, and each such addition of an unconnected
output port (corresponding to the beam-splitter reflection) to the circuit model in-

creases the number of Lindblad terms in the overall Master Equation.

In order to illustrate how this type of transformation can be performed automatically
in our circuit analysis workflow, we first display a segment of Modelica code specifying

the netlist for a simple sub-circuit that implements a continuous two-qubit parity
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measurement [34]:

model TwoQubitParity
Photonics.Components.CoherentField W (Amplitude=alpha);
Photonics.Components.SingleCavity Q1 (CavityType=Zprobe, HilbertSpace=Ql);
Photonics.Components.SingleCavity Q2 (CavityType=Zprobe, HilbertSpace=Q2);
equation
connect (W.outputl,Ql.inputl);
connect (Ql.outputl,Q2.inputl);
end TwoQubitParity;

The code specifying the TwoQubitParity sub-circuit begins with a set of declarations
(the three lines prior to the equation keyword) of the three components it contains:
a coherent field input w and qubit-cavity components 01 and ¢2. The two lines after
the equation keyword specify the architecture via simple statements of which out-
put ports are connected to which input ports. In order to insert a propagation loss
between 01 and 02, it suffices simply to rewrite the netlist specification by adding
the line Photonics.Components.Loss L(LossParam=theta); to the declaration block
and substituting the line connect (Q1.output,02.inputl); in the architecture block

with the lines connect (Q1.outputl, L.inputl); and connect (L.outputl, Q2.inputl)

~.

Clearly, such manipulations of the netlist specification code can be implemented
straightforwardly using pattern matching and string replacement. We provide ex-
ample Mathematica code for this purpose in Listing 1 of the Supplementary Data for

reference [56].

A larger-scale example of the propagation loss transformation is depicted in Fig. 4.7.
The upper panel presents a screen capture (from the Modelica system designer) of
a graphical representation of half the photonic circuit for an autonomous quantum
memory based on the bit-flip /phase-flip code, without propagation losses (see also Fig-
ure 4.4). The lower panel shows the same sub-circuit after a transformation inserting
beam-splitters into every port connection to enable rigorous modeling of propagation
losses. It should be emphasized that although this type of loss-insertion transforma-
tion is quite simply accomplished via rewriting of the netlist specification, it would be

far more complicated to implement at the subsequent levels of model representation
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Figure 4.7: TOP: Screen capture from the Modelica system designer of a graphical
representation of half the photonic circuit for a quantum memory based on the bit-
flip/phase-flip code. This diagram is analogous to the schematic in Appendix C
of [35] and also Figure 4.4. BOTTOM: Corresponding circuit representation including
propagation losses.
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as a Gough-James circuit expression or overall (S, L, H) triple.

Proceeding to the next stage of the circuit analysis workflow, we utilize a Mathemat-
ica script to rewrite the final connectivity model from the netlist term algebra to the
Gough-James algebra. Terms in the Gough-James algebra are constructed from con-
stants representing the components, and operators indicating the connections among
components. Infix notation is used with parentheses for clarity. The elementary op-
erators for connecting components are the series product (denoted <), with B < A
indicating that all output ports of component A are connected to corresponding in-
put ports of component B, and the concatenation product (denoted H), with DB C
indicating that components D and C' coexist in the circuit but have no connections.
The result of a series or concatenation product can be treated as a new component.
The input/output ports of B< A are the input ports of A and the output ports of B;
DHC has the input and output ports of both C' and D. In practice it is useful to add
a permutation (crossover) operator that reorders the output ports of a component,
as well as a feedback operator [M];_,; that connects output port i of a component A/
to its own input port j. It is generally also necessary to utilize ancillary n-line ‘pass-
through’ components I, to construct a complete circuit expression. For example, if
A has two output ports and B has four input ports, a connection of the outputs of A

to the first two inputs of B without any other connections would be written B<(AHI,).

The minimal task in this stage of the analysis is thus to replace the list of port-to-port
connections in the Modelica architecture block with component-to-component con-
nections, inserting ancillary pass-through or permutation blocks as necessary. This
is not a one-to-one mapping—many distinct Gough-James circuit expressions can
faithfully represent a given netlist. All such expressions are equivalent in that the
application of algebraic reduction rules (see below) will bring any such equivalent
circuit expression to a unique normal form, the overall (S, L, H) triple for the circuit.
It is useful however to consider strategies for obtaining relatively compact Gough-
James circuit expressions, for ease of inspection and also to minimize the complexity

of the subsequent algebraic reduction. The algorithm we use is based on the idea
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of trying to group together components that are the most connected !. For exam-
ple, if two 2-port components are connected by connect (A.outputl,B.inputl); and
connect (A.output2,B.input2); we can bring them cleanly into the Gough-James
circuit expression as (B<A). The algorithm assigns a score to each pair of connected
components according to how fully connected the two circuit elements are. The
higher the score, the more certain the algorithm is that grouping the two elements
together will lead to a compact circuit expression. The parsing algorithm then finds
the highest-scoring connector joining the two elements, replacing them with either
a series or feedback product (padding with pass-through components as necessary),
and repeating the process over and over until we have accounted for all of the netlist
connections in a single Gough-James expression (using B to join together any discon-

nected sub-nets).

] 1 ] ] ]

| Al | Al | A | A | A

LT LT LI L LI
— —

-

[

== > BC = BC > EBC >
=
il

Figure 4.8: Steps the circuit parser takes to convert a simple netlist into a Gough-
James circuit expression.

[]

As an example, consider the circuit diagram at the left of Fig. 4.8. In the first step,
the parser replaces B and C' with BC' = B < C (the pair has a ‘score’ of 1.0 because

all of the C' outputs match inputs in B). The remaining steps are analogous:

Step Replacement Score
1 BC =B«aC 1.00
2 E = [D]i9 1.00
3 | EBC=(I,BE)<BC| 0.33
4 F = [EBC]3.3 1.00

1T wanted to acknowledge Ryan Hamerly for devising and implementing this incredibly clever
algorithm
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The final circuit expression, AH F', can be read off from the substitutions in the table
above. It is:

3—3

Mathematica code for implementing this algorithm is included in Listing 2 of the

Supplementary Data of [56].

Algebraic reduction of a Gough-James circuit expression is performed by applying

normal quantum-mechanical operator algebra plus the following rewrite rules [26]:

B<A — (SBSA,LB—i-SBLA,HB-i-HA+Im{LESBLA}>, (4.39)
BHA — (SB@SA,LB@LA,HB—FHA). (440)

Here @& denotes the usual direct sum of matrices or vectors. An analogous rule for
the feedback operation [A];_,; is described in [65]. Here (S, Lp, Hp) is the param-
eter triple for component B and (Sa, L, Ha) is the triple for component A. We
assume that the software can obtain component parameter triples in symbolic form
from a library. We include a Mathematica script that implements the above rewrite
rules in Listing 3 of the Supplementary Data in reference [56]. When these rules
have been applied to completion, the original Gough-James expression is replaced
by a single (S, L, H) triplet that represents the entire circuit. In general the circuit
(S, L, H) expression can be rather unwieldy and may not be amenable to intuitive
interpretation—its parameters summarize the coupled quantum dynamics of all the
components in the circuit in a way that makes it straightforward to extract overall
evolution equations for numerical simulation, but analytic verification of the circuit

behavior will generally require further model reduction steps.

We are now in a position to elaborate on an earlier comment regarding the advan-
tage of considering circuit model transformations very early in the analysis workflow.
The top-left and top-center diagrams in Fig. 4.9 depict a simple beamsplitter and
a compound beamsplitter that can be formed by a Mach-Zehnder type connection

topology [65]. The corresponding Gough-James expressions and scattering matrices
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L
__________ B, B, - B, B, || || B,
L
1,88, 01, [,E(B,, < By)EI, (LB B,B1)<(LBL)< (I, BB, B 1)
1 0 0 0 1 0 0 0 cos —sin 6 cos ¢ sin 6 sin ¢ 0
0 cosa —sina 0 0 cos(p+¢) —sin(gp+¢) 0 sinfcosp cosbcos(¢p+ ) —cosfsin(¢+¢) sinfsinp
0 sina  cosa 0 0 sin(p+¢) cos(p+¢) 0 sinfsingy cosfsin(¢p+¢) cosOcos(¢p+¢) —sinfcosy
0 0 0 1 0 0 0 1 0 sin @ sin ¢ sin 0 cos ¢ cos 0

Figure 4.9: Example of equivalent circuit (S, L, H) models (left and center columns)
corresponding to distinct netlists that transform differently under addition of propa-
gation losses. The top row shows circuit diagrams, the middle row shows the corre-
sponding Gough-James expressions, and the bottom row shows the overall scattering
matrices S for each circuit.

(which are the only non-zero components of the (S, L, H) triples for such simple cir-
cuits) are shown in the middle and bottom rows of Fig. 4.9. If ¢ + ¢ = « the simple
and compound beam-splitters are equivalent photonic circuits (in the instantaneous-
coupling limit, without propagation losses). The single beamsplitter circuit does not
change under a transformation rule that adds losses to internal port-to-port con-
nections only, while the compound beamsplitter circuit is transformed to the circuit
described in the right column of Fig. 4.9. Here 6 is a loss parameter and L = By;
note that we recover the lossless scattering matrix as 6 — 0. This example clearly
illustrates that some information about internal port-to-port connections is lost by
the time the circuit model has been reduced to an overall (S, L, H) parameter triple,
implying that some important types of circuit transformations (such as the addition
of propagation losses) cannot be implemented directly on the final (S, L, H) model

but rather must be implemented at an earlier stage of the rewrite chain.

Once an overall circuit (S, L, H) model has been obtained, a final class of transfor-
mations (which could not have been performed at the netlist or Gough-James levels

of representation) may be applied via rewrites in the operator algebra. For example,
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our analyses of the quantum memory circuits proposed in [35, 36] have relied on a
limit theorem for QSDEs [27, 10] (see also Section 2.5) to produce reduced models for
the overall network that are amenable to behavior verification and tractable for nu-
merical simulation. Practically, application of the limit theorem requires that certain
operator products be computed which correspond to the coefficients of a limit QSDE
for the slow degrees of freedom in an open quantum system (see Section 2.2 of [10]
for general results and [35] for specific application to our QEC circuit models). Once
the limiting subspace has been defined and the corresponding structural requirements
have been verified, computation of the limit QSDE requires a straightforward but po-
tentially cumbersome series of algebraic manipulations that can easily be automated
using pattern matching and string replacement; a sample Mathematica script for this

purpose is provided in Listing 4 of the Supplementary Data of reference [56].

00000
—{ 10000 ] [ 01000 }+—
Mlz Mza X1 Xz X3 X,- Xl*l 1X3+ Xy~
(10100 ] [ 01001 ]
0 0 0 0 0 My, > My
M3+
“H 00100 00001 H-
1 0 1 0 0 Mzt

(11100 ) [ 11001 )

X,=

.—{ 10010 ) [(o01010 }—

Figure 4.10: LEFT: Table of possible input/syndrome signal values (Mja, Ms3) and
desired output/correction (X;, X, X3) signal values for the desired bit-flip QEC con-
troller [35]. RIGHT: Asynchronous Transition System [71, 13] specifying the desired
controller behavior.

The left table of Fig. 4.10 shows the well-known control scheme for the bit-flip QEC

protocol. Here M;; is a measurement signal taking values in {0, 1} that indicates the
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presence of an odd parity condition between qubits ¢ and j in the quantum register.
For the three-qubit bit-flip code, two such syndrome measurements are sufficient to
localize an error. Whereas M5 and Ms3 are input signals to the controller, we use
X1, X5 and X3 to indicate the values of controller output signals that drive corrective
bit-flip actions on qubits 1,, 2 and 3, respectively. Each row of the table indicates
the required configuration of the controller output signals X when the input signals
are as indicated in the first two columns. The diagram on the right side of Fig. 4.10
presents a Transition System (TS) [71, 13] as a full (asynchronous) specification of
the desired behavior of the controller. In the TS diagram, which has the form of a
graph with labeled directed edges, each node represents a state of the controller, the
directed edges indicate possible transitions between states, and the label on any given
edge indicates a corresponding signal transition. The binary string specifying each
controller state corresponds to the values of the signals Mjs, Mss, X, X5 and X3 in
order. The state and transition labels are thus redundant and the latter have been

omitted in a few places to avoid cluttering the diagram.

After transformation via the QSDE limit theorem mentioned above, the (S, L, H)
model (without propagation losses) for our bit-flip QEC circuit [35] contains the
following Lindblad operators and Hamiltonian terms pertaining to the behavior of

the controller:

Ly = a(of' My — I (1 - M), (4.41)
Ly = a(=I" My + o™ (1 - My,)), (4.42)

a (012 Moz — IIFP (1 — M), (4.43)
Ly = o(=II" My + 0™(1 — M), (4.44)
. = Q <\/§XQ1H{“H§2 + XTI — \/§XQSH§1H§2> . (4.45)

Here |a]? represents the strength (photons per unit time) of a probe optical field
used to monitor the syndromes of the quantum register and €2 is a parameter for
the feedback strength [35]. Our QEC controller circuit utilizes a pair of set-reset
relay components [45] R; and R, driven by the syndrome inputs M, and M to
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switch the output signals X, X, and X3. In the above expressions IT1Z" denotes a
projection operator into state m for R,, crf’(l) is a raising (lowering) operator for
R,,, and X" is a Pauli o, operator for register qubit n. The Lindblad terms above
implement the responses of the relay states to the syndrome inputs. For example,
in a Master Equation or Stochastic Schrodinger Equation for the QEC circuit, Ly
and L, will contribute dynamical terms that cause R; to decay exponentially (with
rate |a|?) to state 0 when M, = 0 and to state 1 when M;s = 1. The remaining
Lindblad terms will do the same for Ry and Mss. The three terms in the control
Hamiltonian H,. implement corrective feedback on the register qubits whenever the
states of the relays are not both 0, following precisely the scheme given in the table of
Fig. 4.10. We thus see that the behavior of our bit-flip QEC circuit can be verified by
inspection relative to a conventional asynchronous controller specification such as the
TS diagram of Fig. 4.10. We wish to emphasize, however, that this type of transparent
correspondence between the (S, L, H) terms and desired TS behavior emerges only

after the QSDE limit transformation in the analysis of our QEC circuits.

4.3.2 Performance of 3-qubit/9-qubit codes with losses

If the analysis workflow is repeated for our QEC circuit models with a propagation-
loss transformation inserted at the netlist level, new Lindblad operators are generated
such as

Ly = a0Z9, (4.46)

for the bit-flip case, and
Ly = afZ9P 7% 79, (4.47)

for the nine-qubit code. Here 6 is a propagation loss parameter and Z9/ is the Pauli
o, operator for qubit j in the quantum register. In both cases we see that nonzero
optical propagation loss causes the appearance of new error processes that are not
corrected by the original QEC code—a phase error in the bit-flip circuit, and a three-
qubit correlated phase error in the nine-qubit circuit. This is of course not a pathology

of our photonic QEC implementation, but rather an intrinsic property of the codes
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used—analogous error terms arise in a conventional approach as a consequence of an-
cilla decoherence while syndrome observables are being accumulated by a sequence of
two-qubit gates. Additional loss-induced modifications of the QEC circuit dynamics

are computed automatically by the model rewriting workflow.

To assess the quantitative impact of propagation losses we can numerically integrate
the Master Equation corresponding to the (reduced) circuit (S, L, H) [65]. As shown
in Fig. 4.11 and Fig. 4.12, the fidelity of the encoded qubit decays more rapidly as the
propagation loss parameter 6 is increased. For simplicity, we here have assigned the
same loss parameter to each port-to-port connection in the initial netlist. We wish
to emphasize that this level of quantitative analysis for the nine-qubit code would be
practically intractable without the automated circuit analysis workflow that we have
outlined in this section— the unsimplified lossy Hamiltonian contains thousands of
terms. An excerpt of the netlist and corresponding Gough-James circuit expression
are included in the Supplementary Data for [56], together with the coupling vector

and Hamiltonian operator from the overall circuit (S, L, H) for the reduced model.

To conclude this section, we have described a model transformation workflow for an-
alyzing complex quantum photonic circuits and have illustrated key concepts using
examples related to prior work on autonomous quantum error correction. Code list-
ings are provided in the Supplementary Data for reference [56] to demonstrate how
the model transformations can be implemented via compact sets of rewrite rules.
A practical approach to analyzing the functional robustness of a photonic circuit
to propagation losses in its internal waveguide connections has been presented with
numerical results for bit-flip and nine-qubit QEC models. And finally, we have intro-
duced the possibility of formal verification via (S, L, H) analysis of quantum photonic
circuit behavior relative to conventional (in contemporary electrical engineering) spec-

ification formats for asynchronous controllers.
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Figure 4.11: Decay of fidelity (Ug|p:|¥¢) for 3-qubit bit-flip code with loss parameters
0 =4{0,1,2.5,5,7.5,10}7 /1000 (top to bottom curves) for a bit-flip QEC circuit. For

consistency with [35]. the feedback strength © = B[y *y is set to a constant value of
y ; g 2A
210.

4.4 Robustness of autonomous quantum memories

In the previous sections, I have shown how the the Gough-James quantum network
algebra [25, 26, 27] can be utilized together with a recent limit theorem for quan-
tum stochastic differential equations (QSDEs) [10] to facilitate the derivation of an
intuitive master equation for a given quantum memory model from an explicit con-
struction of the underlying nanophotonic circuit, in a manner inspired by schematic
capture methods of contemporary electrical engineering [56, 65] (see the previous sec-
tion 4.3). In this section, in order to focus on higher architectural principles, I will
skip over such details and jump directly to considering a class of master equations
that arises from the general approach of embedding continuous-time relaxations of
stabilizer quantum error correcting codes in the autonomous dynamics of a coherent

feedback network.

As in the previous examples, we model an autonomous quantum memory using a
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Figure 4.12:  Decay of fidelity (¥o|p:| Vo) for 9-qubit Bacon-Shor code with loss
parameters 0 = {0,1,2.5,5,7.5,10}x/1000 (top to bottom curves) for a nine-qubit

QEC circuit. For consistency with [36], the feedback strength 2 = @—A” is set to a
constant value of 200 for each of these runs.

Markovian master equation [21],
1
i[H, Ll — —LTL — ZpLiL; 4.48
p= ol + Z{ i0 0= 5pLi } (4.48)

where H is a Hamiltonian for the internal dynamics of the memory and controller
qubits, and the Lindblad operators L; describe couplings to reservoir modes that me-
diate decoherence (including memory errors) and entropy removal (via spontaneous
emission-type processes). At this level of description, the dynamics of the electro-
magnetic field modes within the waveguides and resonators of the photonic circuit
have been adiabatically eliminated (Section 4.1). Here in considering arbitrary sta-
bilizer codes we assume that the register qubit model described in 4.2.2 [34] can
be generalized to incorporate atomic level structures whose Raman resonance con-
ditions effectively implement an AND operation on as many feedback signals as the
code requires. We assume a feedback controller construction based on nanophotonic

relays [45] as in prior work.



CHAPTER 4. COHERENT QUANTUM NETWORKS 83

4.4.1 Canonical master equation for stabilizer codes

Consider a stabilizer quantum error correcting code [22, 50] that encodes one qubit of
information in () register qubits with N stabilizer generators. We refer to the complete
set of stabilizer generators as & = {M,, })_,. Recall that a stabilizer code redundantly
encodes information in the joint state of the register qubits, that each stabilizer
generator is a joint observable of the register qubits with eigenvalues 1, and that a
measurement of the full set of stabilizer generators values (the error syndrome) suffices
to localize any correctable error but yields no information on the encoded qubit. To
explicitly construct the master equation for an autonomous quantum memory based
on S we use the following procedure. For each stabilizer generator M, include two

Lindblad operators of the form

~/~

ol (I 4+ M,) — I (I — M,)), (4.49)
ofin(I — M,) + I (I + M,)) , (4.50)

Loyp1 = «

LG = O./(

where £, an and Hf“ are (qubit-like) raising/lowering operators and projectors
onto ¢ and h basis states for the n'® relay of the feedback controller, and o parameter-
izes the amplitudes of the electromagnetic probe fields, which in turn determines the
syndrome measurement rate. If the code is separable, in the sense that disjoint sets
of stabilizer generators mediate X and Z error syndrome extraction, the quantum

memory Hamiltonian can be written in the form

Q
H=> Q(X, Fsy [Xal + Zo - Fs, [Za]) - (4.51)

n=1
If the code is not separable then

Q
D QX Fs [Xa] + Yoy - Fs Yol + Zn - Fs 1 Za)), (4.52)

n=1

H

where the function Fg [E,] maps a single-qubit error to a projector onto a state of

the controller relays. The action of F straightforwardly represents the lookup table
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of correctable errors and corresponding syndromes. For example, suppose there are
six stabilizer generators and that they take the values 1-1-11-1 1 for a register state
with a bit-flip error on the fourth qubit. Then Fs [X,] = I[P IIF TSI TR I (the
h state of relay n is associated with the +1 value of M, and the g state with value
—1). When the code is separable, we use Sx and Sz to denote disjoint subsets of S.
In both of the above Hamiltonian expressions, {2 parameterizes the strength of the

feedback fields.

4.4.2 Master equation for 7-qubit code

To illustrate our construction we first consider the seven-qubit code [22, 50], which
is separable. The following lookup table gives the corresponding error syndromes
for single-qubit X, Z, and Y errors with B corresponding to a +1 value for a given

stabilizer generator and () to —1:
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Error syndromes for 7-qubit code
Error M1 M2 M3 M4

X1
X2
X3
X4
X5
X6
X7
71
72
73
74
75
76
77
Y1
Y2
Y3
Y4
Y5
Y6
Y7

5
S

EOROEBO R R R R R EREROERORONO

OmOmMOEBROOEROEROERO E EEEEREETSR
EER RO O0OO0OOCO M e E R R EREREEREREREOOOO
 NONON B RONOII B B I I I I Il NONON I RON®

(N I NONONCOROI I I NONCRORGII B I I I I I |
EOOmREBOOmROO AR OO A E E EEER

O

It is easily seen that the error syndrome for Y, is simply the logical OR of the syn-
dromes for X,, and Z,,, which combined with the algebraic relation Y,, o X, Z,, makes
it possible to design a feedback network that independently detects and corrects X
and Z errors—when a Y,, error occurs it can be diagnosed and treated as the occur-

rence of both an X,, and a Z,, error.

Applying the construction described above for the separable case, we arrive at the

following master equation for a coherent feedback implementation of the seven-qubit



CHAPTER 4. COHERENT QUANTUM NETWORKS 86

code:

H= Q <X1H§4H§SH§6 + XIS T + XaTIH TP TS 4
XTI 4+ XGIHITRs TR 4 XTI TT)% +
XALHTEIIRe + Zy I IR 010 4 Zo [T TP T1) 4
ZTII LRI 4 Z, I TR + Z5 TP TR

ZI P IR + Zﬂflﬂfmfs), (4.53)

) — I (1 — X1 X5 X3Xy)

o™ (I — X1 X0 X3 Xy) + T (1 + X1 X0 X3 Xy)

o2 (I 4+ X1 X5 X5Xe) — T2 (1 — X1X5 X5 Xe)

)+ T2 (1 + X1 X5 X5 X)

) — (1 — )

o5 (I — X1 X3 X5 X7) + T8 (1 + X, X3 X5 X7)

[+ 212,73 7s) = (I — 212573 7s))
ol (I — 2,2,742, +HR4(I+21222324))
(I - )

(I + Z1Z22Z52s))
(1~ )
( )

(4.54)

Any desired Markovian error model can be incorporated via additional Lindblad

terms, e.g., for bit-flip errors,

Lisin =VIX,, nel...Q, (4.55)
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or for spontaneous emission-type decoherence,
Liopn = VI(X, —iY,), nel...Q. (4.56)

In either case, the parameter I' adjusts the decoherence rate. Noise processes acting

on the controller degrees of freedom can be included in the analogous fashion.

4.4.3 Master equation for 5-qubit code

If we next consider the five-qubit code, the smallest quantum error correcting code
capable of protecting a single encoded qubit against arbitrary single-qubit errors [22,
50], the following lookup table gives the error syndromes for X, Z and Y errors acting

on the register qubits:

Error syndromes for 5-qubit code

Error M1 M2 M3 M4
X1 | O | |
X2 O | O |
X3 ] O | O
X4 | | O |
X5 O | | O
71 | | O |
72 ] | O O
73 O | | |
74 O O | |
75 | O O |
Y1 | O O O
Y2 O u O O
Y3 O O | O
Y4 O O O |
Y5 O O O O

It appears by inspection that the syndromes of X,,, Z,, and Y,, are not simply related,

so evidently we must implement a feedback controller with sufficient logic to react
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conditionally to each of the fifteen four-bit syndromes. For the separable seven-qubit
code we have seen that only two independent sets of seven three-bit syndromes need
to be interpreted, suggesting that the feedback control sub-circuit in an autonomous
quantum memory based on the seven-qubit code could be substantially simpler than
for the five-qubit code, even though it involves two additional stabilizer generators.
Given that we have in mind a homogeneous implementation paradigm, in which the
quantum error-correcting controller is constructed from components that are very
similar in nature to those of the codeword register [35], this comparison suggests a
general advantage of separable codes in terms of implementation circuit complexity

and concomitant physical resource requirements.

Applying the construction described above for a non-separable code, we arrive at the
following master equation for a coherent feedback implementation of the five-qubit

code:

H= Q (Xlﬂfl MBI 4+ X TP ™ 4+ XIS 1 4
XTI + X I TR IR TR 4
ZLP LRI + Zo I TP I R IR 4+ Zo IR TP TR T +
ZUB TR TR + Zs I TR I T 4
VI TR TR TT R YO IR T2 TR TT e 4 V3T TR T T e
VTR I 4 YT TR T T ), (4.57)
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(B (I + ZoX3 X4 Zs) — I (I — ZyX3X4Zs
(51 — ZoX3X4Z5) + I (1 + Z2X3X4Z5
(82 (I + 21 23Xy X5) — W2 (1 — 2, Z3X4 X5
Ly = a(of™(I - 225X, X5) + T2 (1 + 2, Z5 X4 X5
(o ) — I (
(o ) + I
(o ) — I (
(G ) + 1 (

3

I+ X227, X5) — B (1 — X, 2,7, X5
ol (I — X1 2,2, X5) + I8 (1 4+ X1 2274 X5
o (I + X1 X9 Z3Z5) — NI (I — X1 X0 7375

o (T — X1 X9 Z375) + 1L (1 + X1 X0 7375 (4.58)

Again, decoherence processes acting on the register qubits and/or the controller de-

grees of freedom can be incorporated using additional Lindblad terms.

The modeling approach that I have described also admits a straightforward extension
to incorporate the effects of optical propagation losses in the waveguides that connect
components within the nanophotonic circuit [56], which lead to important consider-
ations of loss-tolerant circuit layout that will be discussed below. As an illustrative
example we first consider the probe subnetwork that extracts the error syndrome for
the first stabilizer generator in the five-qubit code, ZX3X,Z5. This measurement
is implemented by sequentially interrogating the second, third, fourth and fifth reg-
ister qubit-resonator components with a coherent laser field. In an idealized model
with no optical propagation losses for the probe field, the net effect of these cou-
plings is represented completely by the pair of coupling terms L; and Ls given in the
above section. In a more realistic model that accounts for optical waveguide losses,
however, information leaks out into the environment as the probe field propagates
between components in the photonic circuit. In the previous section (4.3.2), we saw
that the resulting decoherence processes are described by additional coupling terms

which amount to errors, some of which are correlated errors of multiple qubits that
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the five-bit code is not designed to correct:

Ln = 040925, Ln+1 = OéQX4Z5,
Ln+2 = 046X3X4Z5, Ln+3 = &6Z2X3X4Z5. (459)

Here 6 parameterizes the probe field loss per waveguide segment. Similar sets of
additional errors would arise from losses along the probe field paths associated with

each of the other three stabilizer generators.

4.4.4 Connection to discrete-time, measurement based mod-

els

While our analysis leading to Eqgs. (4.59) has been grounded in the specialized model-
ing framework of autonomous nanophotonic circuits, these findings generally parallel
known results from discrete-time, measurement-based implementation scenarios. We
obtained correlated error processes by considering probe field propagation losses in
a coherent feedback network, but analogous difficulties would result from any syn-
drome extraction mechanism in which the ancillary qubits used to accumulate the
stabilizer generator values are subject to decoherence. For example, an idealized
continuous-time measurement of the parity of a pair of register qubits 1, @2 in
our framework [34, 35] can be thought of as corresponding to the standard quantum

computational circuit diagram on the left, below:

A A
Q1 1 Z ] Q1 1 Z ]

Q2 2] Q2 2]

The propagation losses we have considered essentially correspond to an error process
acting on the ancillary qubit A, which takes place between the controlled-Z gates as
indicated by the E gate in the above-right diagram. Of course, ancilla decoherence in

quantum error correction has been treated in detail in the literature on fault-tolerant
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computing, as described for example in [55, 32]. In our context it is natural to assume
that the dominant type of error process acting on the syndrome probe fields is optical
loss, and in what follows I will show that it is possible to improve the robustness
of the type of autonomous quantum memory we consider simply by optimizing the

circuit layout.

4.4.5 Gauge subsystems and circuit layout optimization

There turns out to be an interesting connection between circuit layout and robustness
to propagation losses in our approach, for autonomous quantum memories based on
subsystem codes. Also known as operator quantum error correcting codes, subsystem
codes are generalizations of decoherence free subspaces, noiseless subsystems, and
quantum error correcting codes, which have gained popularity in recent years be-
cause of the large class of encoded logical operators these codes induce, which allows
for simplified error recovery [4, 43]. In [36] we considered a nanophotonic circuit for
implementing a continuous-time version of the Bacon-Shor code, and noted that it is
possible to reduce the circuit complexity by taking advantage of the subsystem flex-
ibility in choosing register-qubit operations for corrective feedback. Here we further
note that the subsystem structure also presents key advantages for syndrome extrac-
tion, as (following a fundamental insight discussed by Aliferis and Cross [3]) we can
route the probe fields along paths that push the extra errors induced by optical prop-
agation losses onto the unimportant gauge qubit degrees of freedom. Consequently,
the correlated errors described above for the five-qubit code and in [56] for the nine-
qubit code (4.3.2) are no longer present and the storage fidelity of the encoded qubit
is substantially increased (confirming a prediction presented originally in [36]). We

will quantify the performance improvement using numerical simulations, below.

To illustrate the robust routing strategy, we consider the Bacon-Shor six-body sta-
bilizer generator ZgZ; 2574757, which is one of two such Z-string operators for the
bit-flip subnetwork [36, 56, 3] (see also 4.3.2). In our nanophotonic circuit model, op-

tical propagation losses experienced by the probe field used to monitor this stabilizer
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Figure 4.13: Left: Standard probe network for Bacon-Shor nine-qubit code. Right:
Subsystem routing for loss protection.

generator will give rise to the following coupling terms, four of which are network-
induced errors that the code is not designed to correct (while L, is a correctable
error and L, 5 merely dephases the stabilizer generator eigenstates, which does not

compromise the quantum memory):

L, = alZg, Ly = abZ5Zs,
Lyio =ab0Zy7Z57s,  Lnyz = alZ12,7575,
Ln+4 = O[HZ4Z12225ZS, Ln+5 = O[@Z?Z4ZlZQZ5Z8. (460)

In deriving the above set of coupling terms we have assumed a geometrically simple
routing of the probe beam, assuming the register qubit-resonator components are
arranged in a 3 x 3 grid (which allows us to simplify the feedback signal routing as
discussed in [36]), as shown in the left-hand schematic of Fig. 4.13. The scattering
order is Zy — Zs — Zy — Z1 — Z4 — Zy, which bears a clear relation to the
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correlated error terms shown in Egs. (4.60). However, we can measure the same
stabilizer generator by routing the probe beam to the components in a different order
as shown in the right-hand schematic of Fig. 4.13, Zy — Z; — Z4 — Zs — Zy — 7.
In an idealized model with no propagation losses the scattering order should make no
difference since the single-qubit Pauli operators commute. However, with propagation
losses the second routing scheme leads to the following coupling terms in place of those
of Egs. (4.60):

Ln+1 == Oé(9Z8, Ln+2 == Oé(9Z7Z8,
Ln+3 = O[9Z4Z7Z8, Ln+4 = O[HZ5Z4Z7ZS,
Ln+5 = OéQZQZ5Z4Z7ZB, Ln+6 = Oé@leQZ5Z4Z7Zg. (461)

In the subsystem structure of the Bacon-Shor code, the operators 7,2y, ZsZs3, Z4Zs,
Zslg, LrZg, and ZgZgy are all logical operators on the unimportant gauge-qubit de-
grees of freedom. Consequently, each of the coupling terms in Eqs. (4.61) corresponds
to either a single logical qubit error or the product of a logical qubit error and one
or more gauge qubit errors. Since the single qubit errors taking place on the logical
space are protected by the network, this implementation of the probe mechanism
is substantially more tolerant of propagation losses, as we illustrate using numerical

simulations in Fig. 4.14.

In Fig. 4.14 we display the average fidelity decay F'(t) = (¥o|p:|¥o) over 10* simu-
lated quantum trajectories (each) for lossy quantum memories implementing the five-,
six-, seven- and nine-qubit codes [22, 59, 4], which may be compared directly with
analogous results from our prior work on other codes [35, 36, 56] (see also 4.3.2). In
Fig. 4.15 we display the average decay (again over 10 quantum trajectory simulations

for each code) of an alternative performance measure,

F:(t) = maxt*e[erﬂF(t*).
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Figure 4.14:  Decay of fidelity (Wq|p:|Wo) for the five-, six-, seven- and nine-qubit
quantum error correcting codes with loss parameters 6 = {0, 1,2.5,5,7.5,10}7 /1000

(top to bottom curves). For consistency with [35] the feedback strength Q = % is
set to a constant value of 200 in each case. Note the substantial difference in the scale
of the Y-axis for the bottom right corner plot—this is for the nine-qubit Bacon-Shor
code with the loss-tolerant probe network.

The quantity F* represents an easily computable, convenient statistic which we be-
lieve is a more meaningful measure of performance of a realistic quantum memory
than the canonical fidelity measure. Our definition of F* is motivated by the ob-
servation that, in any realistic quantum memory, there must be a finite latency of
error correction. This behavior is clearly illustrated for our class of models by the
individual quantum trajectory simulations of fidelity versus time shown in Fig. 4.16.
Because of the (random) time delay required for an error-correcting controller with
finite-strength measurement and feedback to restore the register state after a deco-
herence event, fidelity does not decay monotonically along individual quantum tra-
jectories [46]. This behavior has a pronounced effect on the appearance of a simple
plot of average F'(t) at small ¢t as some trajectories in the ensemble will experience
errors at very early times without recovering immediately; this sub-ensemble induces

the steep initial decay transient seen for example for £ < 0.05 in the nine-qubit panel
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Figure 4.15:  Averaged finite time-horizon fidelity for 10* quantum trajectories (each)

of lossy five-, six-, seven-, and nine-qubit codes with loss parameter § = ;55 and

7 =0.05,0.1,0.15,0.2,0.25,0.3,0.35 and 0.4 (bottom to top traces in each sub-panel).

of Fig. 4.14. If we recognize that many (even most) of these trajectories will in fact
regain F' ~ 1 after a finite delay, as seen in the examples of Fig. 4.16, it seems intuitive
to adopt a performance measure such as F*(t) that looks ahead over a window of time
in each trajectory to check for such a recovery. Of course if an additional error should
occur within a given trajectory before the feedback network has had time to correct

the initial one, the encoded information can be lost and F*(t) — 0 accordingly.
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Figure 4.16: Fidelity trace for single-shot quantum trajectory simulations of five-,
six-, seven-, and nine-qubit codes.



Chapter 5
Conclusion

The work I've described in this thesis represents a focused case study of several
systems in which feedback control of quantum dynamics is accomplished via field-
mediated, all-optical signal processing. In the introductory sections, I reviewed some
recently developed quantum optics theory for modeling open quantum systems and
described how these tools, and in particular, the Gough-James circuit algebra, can
be used in a context which suggests a photonics analogue of classical electrical cir-
cuit theory. This theory is remarkably flexible in its application and I've given a few
representative examples of the kinds of systems that can be modeled, such as the
squeezed-light setup described in the second chapter, and the autonomous quantum

memories which were the focal point of the thesis.

Let me close with a few brief remarks about quantum error correction and coherent
feedback control. In the introduction, I suggested that coherent feedback control can
be thought of as an engineering analogue to quantum information theory. That is,
rather than starting with a quantum algorithm and trying to work backwards to en-
gineer a system tailored to that particular algorithm’s performance requirements, the
viewpoint that I've advocated in this work is to see if we can develop an understand-
ing of quantum mechanical performance advantages from an engineering perspective
by starting with the basic principles of feedback control and working from the bottom

up. So while this perspective motivates the work I've presented here, the autonomous
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quantum memories ['ve analyzed in the second half of this thesis do not quite qualify
as being “true” coherent feedback systems. That is, notice that the cavity-QED re-
lays are effectively classical devices. Despite being described by quantum mechanical
equations of motion, we can determine which of the two states the switch is in by
monitoring the power of the output ports. Consequently, it is perhaps more appro-
priate to call these devices “semi-coherent” feedback systems, whereas the squeezed

light setup described in the second chapter is a fully coherent feedback device.

To design fully coherent quantum memories, it seems as though we would need to
move beyond the stabilizer framework. Stabilizer codes are fundamentally classical
codes in that the localization of the error subspace is determined by bit strings of
classical information— see for example, the intuitive picture of stabilizer codes pre-
sented in Appendix B. It would seem that truly coherent quantum memories might
gain a performance advantage over semi-coherent devices by taking advantage of the
complementary modes of an optical probe field [29] to reduce the number of error
operators that are measured or decrease the feedback latency. However, as these field
operators do not commute, the stabilizer framework, which takes as its starting point,
an Abelian subgroup of an error group, would not be adequate. Unfortunately, the
theory of non-stabilizer codes [40, 38, 41, 42, 39] is not nearly as developed and it is
not entirely straightforward to imagine extending coherent controllers in the linear
setting to the non-linear setting of quantum error correction. This is certainly a deep

and interesting topic for future research.

As one final point for future investigation, let me mention a connection between the
work I've presented here and quantum computing via adiabatic evolution [16]. Part of
the interest in the adiabatic approach to quantum computing (AQC) has come from
the fact that there appears to be an inherent resistance to errors due to the energy
gap between the qubit ground and excited states. Still, it does seem that for reliable
large scale computation, some kind of active error correction would be needed, and
in [33, 74], the authors have shown that the stabilizer formalism can be adapted to

the setting of continuous, adiabatic evolution. These models do not involve active
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error correction, but rather, they use stabilizer codes to create an energy gap between
the code-space and the error space. The observation that the “always on” nature of
adiabatic evolution is compatible with stabilizer codes suggests an immediate connec-
tion with the models I have presented here. In particular, recall the canonical master
equation of chapter 4 for autonomous quantum memories. Although this Hamiltonian
is time-independent, it is straightforward to simulate an analogous time-dependent
Hamiltonian in which adiabatic evolution of the form described in [16] is “superim-
posed” on top of the quantum memory. Of course, this is a purely phenomenological
model, and future work on this topic might involve designing realistic physical mod-
els for incorporating quantum error correction via coherent feedback along side the

continuous time evolution of the adiabatic interpolation Hamiltonian.
Practically, it seems as though the master equation corresponding to an adiabatic
quantum computer + error correction with coherent feedback should look like the

following;:

Hamiltonian: if the code is separable:

T_ M N
H = THfznal+ znztzal+zz XQk fSX XSK] +Z7?k 'FSZ [Zr?k})
k=1 n=1
if the code is not separable:
T_ M N
H = THfznal+ znztzal+zz XQk : XQk} + YQk ‘FSY [Yan} + ZQk : ]:SZ [ng})
k=1 n=1

where Hjpjiq) is an easily prepared initial state Hamiltonian and Hy;,,; is the target
Hamiltonian whose ground state encodes the solution to our problem of interest and
where we have used the standard linear interpolation Hamiltonian to encode the adia-
batic evolution between initial and final states. Notice that the error correcting terms
are written as double sums over each encoded logical qubit and that we have removed
the term corresponding to the “penalty” Hamiltonian given in [33]. The coupling

terms and noises are identical to the ordinary, time-dependent models described in
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the previous chapters.

As a toy model, we can simulate adiabatic evolution on a single qubit. Following [16]

we choose the initial Hamiltonian:

1
HB = 5 — §O-x
and the final Hamiltonian
1 1
HB = 5 + 50'2

We can encode the single qubit in any stabilizer code. For simplicity, we start out
with the 3 qubit bit-flip code. In both of these plots, the noise I' ranges from 0 to .1

with evenly spaced increments:

Table 5.1: Noisy adiabatic evolution with and without error correction
Noisy encoded AQC without QEC Noisy encoded AQC with QEC

10

09

08

07

06

Inner preduct in final state
Inner preduct in final state

05

02[‘.\ EMD-

Of course, these results are simply for a toy model with a single qubit, but they sug-
gest that in thinking about possible ways of using autonomous quantum memories for
the sake of computation, the gate model is not the only choice. However, note that we
have simply used a phenomenological master equation in characterizing the encoded
adiabatic evolution, which necessarily means that we have chosen to ignore what in

this case are relevant atomic dynamics. For instance, since the qubit model in the

10
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autonomous quantum memories I have described in this thesis encodes logical infor-
mation in degenerate ground states, it would not be suitable for adiabatic evolution.
Important work along these lines would involve designing realistic pre-limit models

for the register qubits as well as mechanisms for implementing adiabatic evolution.



Appendix A

AC Stark Shift Compensation for

Quantum Memories

The physical mechanism used by the quantum memories proposed in [34, 36] and dis-
cussed here in Chapter 4 rely on Raman resonance conditions for issuing corrective
feedback. While this is an elegant mechanism, the Raman interaction also introduces
AC Stark shifts to the qubit ground states that break the degeneracy between the
joint qubit states. In [34], the authors have proposed several mechanisms to coun-
teract these effects, one of which attempts to engineer the atomic level structure of
the qubits so as to cancel the AC Stark shift on each component, and the other is to

modify the network so as to minimize the effects of the Stark shifts.

In the first approach, we assume a more complicated level structure which con-
tains two additional exited states {|H), |G)}, which are coupled to the ground states
{|h),|g)} with the opposite detuning —kA. Equivalently, instead of presuming ad-
ditional excited states, we could simply have two additional free field modes, both
of which couple to |r) with the opposite detuning. In either case, the pre-limit SLH

model would have the following form:

Q(k) — | 1 m(ghr + O-Hr)
" ’ V2y(0gr + 04c)

JEPAI, — g — HG)> (A1)
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|@1Q2Q3| R Ry) | SS(Q1)  SS(Q2) SS(Q3)
) 0 0 20
lggg|hh) -2€) 0 0
|hgg|gh) -20 0 0
|ghh|gh) -1 -1 0
|hgh|gg) -1 -19 0
lghglgg) 0 -1 -10
\hhg|hg) 0 -1 -1
lggh|hg) 0 0 -2

Table A.1: The table displays the network configuration for each of 8 possible error
states and the corresponding AC Stark shift experienced by each qubit, under the
Hamiltonian in Equation 4.37. Using the mechanism described above, when the relays
correctly represent the error state, the joint qubit state will experience a total -2()
AC Stark shift.

In this case, the limiting SLH model after applying the adiabatic elimination theorem,

would be:

(1.0~ X (BB + Bifacy)) (A2)

In other words, the limiting SLH model with the additional excited states, or addi-
tional free field couplings, gives rise to the same SLH model as in equation (4.14),

but without the first two terms of the Hamiltonian.

An alternate approach, which is ultimately what is used in the network calculations
in [34] (see Section 4.2.4), is to choose Raman transitions and the corresponding
intensities so that the net AC Stark shift on any joint qubit state is equal to —2£ (see
Table A.1). Consequently, dephasing of the codewords only takes place in the interval
in between changes in the qubit parities. Thus, increasing the probe strength «
results in a decrease of codeword dephasing during these intervals. The benefit of this

approach over the one previously described is a simpler set of network components.
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The Bacon-Shor Code

B.1 An intuitive explanation of subsystem codes

The presence of the“gauge subsystem” in the Bacon-Shor code is a critical factor in
enabling the autonomous quantum memories I presented in the preceding sections.
Here I give an intuitive overview of the operation of this code, and some detailed cal-
culations which elucidate the structure of the state space and the nature of the logical
operators. My hope is that these sections provide a very concrete and digestible set

of explanations to complement the more representation theoretic flavor of [4, 43].

To understand the structure of the 9-qubit Bacon-Shor code, we start with the sta-

bilizer group for 9-qubit Shor code:

Q| @1 @ Qs Qi @ Qs Q7 Qs Qo
M|z z 1 I I I I 1 1
My| I z z 1 I I I 1 1
My|\ 1 I I z z I I 1 1
My I I I I Zz z I 1 1
Ms| I I I I I I z Z I
Me| I [ I I I I I Z Z
My | X X X X X X I I 1
Mg| I I I X X X X X X
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As the Shor code is formed by concatenating the 3-qubit bit-flip code with the 3-
qubit phase-flip code, it is traditionally thought of as being the simplest code capable
of protecting a single logical qubit against arbitrary single-qubit errors. However,
in examining the first 6 stabilizer generators, we see that the Shor code is in fact
capable of protecting the logical qubit for more than just single qubit errors. Note
that each pair of Z-parity measurements takes place on disjoint code blocks. This
implies that not only can the code correct for arbitrary single qubit errors, but it can
also correct for correlated phase errors that take place on disjoint code blocks. Of
course, these errors are not really errors at all, as the net overall phase is unchanged.
This observation suggests that we can in fact collapse the first 6 stabilizer generators

into 2 and maintain the same degree of protection for the encoded qubit:

Q@1 @ Qs Qi @ Qs Q7 Qs Qo
M|z z 1 zZ Z I Z Z 1
My| I z z 1 zZ Z 1 Z Z
Myl X X X X X X I I 1
My I I I X X X X X X

We now have a simpler stabilizer code with only 4 error syndromes to measure, rather
than 6. But what has happened to the overall structure of the Hilbert space? The
following simple picture of stabilizer codes illustrates the matter. A stabilizer code is
effectively a classical code, and we can think of the the error syndromes as giving us
classical bits of information which, when taken in total, allows us to localize a specific
error. In particular, for a stabilizer code which encodes a single logical qubit into NV
physical qubits, each error syndrome (taking the values +1) gives us a single clas-
sical bit of information, which effectively divides the Hilbert space in 2. Thus after
acquiring k error syndromes, the Hilbert space dimension is 2%V /2% = 2V=k Tt should
come as no surprise, then, for all of the non-subsystem codes we have encountered so
far— the 3-qubit bit-flip/phase-flip code, the 5-qubit code, and 7-qubit code, and the
9-qubit Shor code- the number of stabilizer generators has always been k = N — 1,
so that the Hilbert space dimension after acquiring all k£ error syndromes is simply 2,

i.e., the Hilbert space of a single qubit.
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What then is going on with our modified Shor code which encodes a single logical
qubit into 9 physical qubits, but with only 4 stabilizer generators? Applying the above
reasoning, we see that the code-space has Hilbert space dimension 2°/2* = 25. We are
emphatically not encoding 5 logical qubits in this code. What is happening, which I
will show more carefully in the next section, is that the code space now includes, in
addition to our logical qubit, 4 gauge qubits, whose states we do not care about. It is
precisely these additional gauge qubits which give rise to the flexibility of subsystem

codes, as any logical operators need only act modulo the subsystem structure.

B.2 State space structure

We begin with the 9-qubit code, where, as described above, we collapse the 8 stabilizer

generators into the following 4:

SXl == X1X2X3X4X5X6 (Bl)
SXQ = X4X5X6X7X8X9 (B2)
N AR AV Y AVAYAIA (B.3)
SZQ = ZQZng,ZﬁZng (B4>
As described in [4], the corresponding logical operators are given by
XL = X1X2X3 (B5>

Zr = 71742 (B.6)
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And correspondingly

1

Yo = S (ZeXp - X171) (B.7)
1

= 2—i(ZlZ4Z7X1X2X3 — X0 X0 X32,17477) (B.8)
1

= E(ZIXI — X1 21) X2 X324 27 (B.9)

= EX2X324Z7 (B10>

It is straightforward to verify that the following two-body operators commute with

the stabilizer generators and the logical operators:

X1Xy, Xo X5, X3 Xg, Xu X7, X5 X5, X6 X9
21227 Z2Z37 Z4Z57 Z5ZG7 27287 ZSZQ

Our goal is to understand precisely how the logical operators on the gauge space can
act without affecting the logical information stored in the remaining qubits. As a first
step, we note that the eigenspace corresponding to the +1 eigenvalues of Sz and Sz

includes:

|+ +++++++H) |- === —= )
|+ +++++——) === +++)
|+ ++———F+++), ==+ ++ =)
|- ==+ +++++) [+ ++ == )

Here, we’ve assumed a row wise ordering of qubits, |Q110Q12Q13Q21 Q22023031 Q32Q33).

Similarly, we can write the +1 eigenstates of Sx; and Sx as follows:

LX4) = (| + +4) + | — =)

8

=

1

LX) = —=(|+++) = | - ——)**

=

8
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We have the following relations for the kets |[LX+)
Xp|LX4) = £|LX+), Z|LX+) = £|LXF) (B.11)

which allows us to write the vectors |[LZ+) as

|LZ+) = 7(|LX+>+|LX )
1
= 7(|+++++++++>+|+++ —————— ) +
|———+++———>+| —————— +++))
LZ-) = 7(|LX+> LX)
1
= 7(|———++++++>+!+++———+++>+
[+ +++++ ) |- = ))

Correspondingly, we have:

|LX+) = (|LZ+> +|LZ-)) (B.12)

%I

ILX—) = (|ILZ+) — |LZ-)) (B.13)

E

If we look at the two-body operators listed above— the “gauge” operators:

X1 Xy, Xo X5, X3 X6, Xa X7, X5 X5, X6 X9
L Ly, LioZiy, Zy L, Zis L, Zig g, Zig Zg

we can see that the logical Z operators on the gauge space, that is, the operators
Z; jZ; j+1 leave |LZ+) and |LX=+) invariant.

To see that the logical X operators on the gauge qubits similarly leave the code-

space invariant, we compute, as an example, the action of one of the logical X gauge
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operators on an element of the code space:

1
XiXa|LZ4) =5(l =+ + =+ )+ =+ + === =)+ (514

[+ ===+ + =)+ |+ ==+ ==+ ++))

Now we examine the action of the stabilizer generators and logical Z operator on this

vector:

SxiXiXa|LZ+) = X1 X4|LZ+)
Sxo X1 Xu|LZ+) = X\ Xu|LZ+)
SnXiXo|LZ+) = X1 X4|LZ+)
SpXi Xy|LZ+) = X1 X4|LZ+)

70X, X, = X1 X4|LZ+)

Now we compute the action of the logical X operator on this vector:

X X0 Xy|LZ+) = %(|+———+++++>+\+——+—————>+
|-+ +—t++ =)+ |+ ++ ==+ ++))

XiXu|lLZ—) = %(!+———+++++>+\—+++——+++>+
|-+t -+t =)+ |+ === =—=))

We see therefore that X |LZ+) = X, X,4|LZ—), demonstrating how the gauge oper-
ators can act on the state vector while preserving the logical information encoded in

the qubit (analogous computations can be done for the remaining gauge operators).

B.3 Localization of errors

We can determine how errors are localized and where to issue corrective feedback by

examining the action of the the stabilizer generators on corrupted logical states. For
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example, we have the following:

SnX\|LZ+) = —|LZ+)
Sz Xi|LZ+) = +|LZ+)
SnXo|LZ+) = —|LZ+)
SzaXo|LZ+) = —|LZ+)

Computing the analogous expression for the remaining qubits, we find that we can

succinctly express the action of the stabilizer generators on corrupted states as follows:

{871,822} X1 = {—,+},{Sz1, S22} Xo = {—, =}, {521, S22} X5 = {+, -}
{Sz1,822} X4 = {—,+},{S21, S22} X5 = {—, =}, {S21, 522} X6 — {+,—}
{Sz1,822} X7 = {—,+},{Sz1, 522} Xs = {—, =}, {S21, S22} Xo = {+,—}

And analogously for the phase-flip errors:

{SXla SXZ}Zl — {—, +}, {SX1, SXQ}ZQ — {—74‘}, {SXla SXQ}Z3 — {—74'}
{th SXQ}Z4 — {—, —}, {SXh SXQ}Z5 — {_7 —}, {SXhSXQ}ZG — {—; —}
{Sx1,Sx2} 27 — {+,—},{Sx1, Sx2} Zs — {+, =}, {Sx1, Sx2} Zog — {+, -}

Thus, we see that X errors can be localized to a column while Z errors are localized

to a row. Examining again the gauge operators,

X1X47 X2X57 X3X67 X4X77 X5X87 XGXQ
le27 ZQZ37 Z4ZS7 25267 Z7287 Z8ZQ

we se that, for example, if we detect a Z error on the first row, by applying a correction
to Zs, the net effect will be the gauge operator 7,75 or ZyZ5, which will restore the

logical qubit to the correct state. Analogously, for errors in the second or third row,
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we can apply the correction Z5 or Zg. For X errors in the first column, we apply Xy,
in the second column X5, and in the third column Xg.

B.4 Syndrome extraction for optimal routing

As described briefly in Section 4.4.5, we can express the stabilizer generators in the

following modified form:

Sx1 = (X1Xy)(X5X3)(X5X) (B.15)
Sx2 = (X7X4)(X5X5)(XoXe) (B.16)
Sz = (Z122)(Z524)(Z123) (B.17)
Szo = (Z373)(Z576)(Z9Z3) (B.18)

If we apply the usual Hamiltonian correction terms as in the lossless case, i.e.:

{Sx1,5x2} ={—,+} = Z1,{Sx1,x2} ={—, =} = Z4, {Sx1, Sx2} = {+. -} = Z»
{521,522} ={—,+} = X1, {521,522} = {—. =} = X0, {521,522} ={+, -} = X5

then we see that the modified syndrome extraction will leave the network dynamics
unchanged. On the other hand, incorporating the effects of propagation losses, we see
that loss-induced errors will now factor as the product of single qubit logical errors
and single qubit gauge errors (the terms in parenthesis). Thus, we see that the gauge
subsystem in the Bacon-Shor code allows us to eliminate correlated errors that would

otherwise be present in a lossy photonic network.
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